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Abstract

We consider the scattering of elastic waves by an unbounded surface on which the
displacement vanishes. The wave field is assumed to be time-harmonic and the
propagation medium to be homogeneous and isotropic. The scattering surface is
assumed to be given as a graph of a bounded function f € C1, but otherwise no
assumptions are made.

The problem is formulated as a boundary value problem for the scattered field in
the unbounded domain above the scattering surface. This boundary value problem
formulation includes a novel radiation condition characterising upward propagating
waves. The way in which this radiation condition generalises other radiation condi-
tions commonly employed in elastic wave scattering problems is discussed in detail.
It is then shown that the boundary value problem, and thus the scattering problem,
admits at most one solution for a general class of incident fields including plane and
cylindrical waves.

Existence of solution is established via the boundary integral equation method. The
properties of elastic single- and double-layer potentials on rough surfaces are studied
with an emphasis on obtaining estimates uniformly for classes of such surfaces. An
equivalent formulation of the scattering problem as a boundary integral equation of
the second kind is obtained. Since the scatterer is unbounded the integral operator
in this equation is not compact, and nor is the equation of a standard singular type
previously studied. Thus, a new solvability theory is developed, which establishes
solvability of the integral equation in the space of bounded and continuous functions,
and also in all LP-spaces, 1 < p < .
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Chapter 1

Introduction

The problem of scattering of waves by objects with features of a size comparable
to the wave-length has been of continuing interest to mathematicians for a long
time. The roots of the theory were developed by Lord Rayleigh, A. Sommerfeld and
others in the second half of the 19th century, but even today many questions remain
unanswered.

A problem that has attracted considerable attention over the last decade by both
mathematicians and engineers is the two-dimensional problem of scattering of a
wave by an effectively unbounded surface with features of a dimension comparable
to the wave-length. Mathematically such a surface is usually described as the graph
of bounded function and it is termed a rough surface.

In the case of an incident acoustic or electro-magnetic wave, there now exists a con-
siderable number of results for such scattering problems, mainly due to CHANDLER-
WILDE and ZHANG. In the case of the total field vanishing on the scattering surface,
uniqueness of solution is proved in [20] making use of a novel radiation condition
first introduced in [11] and further investigated in [19].

To prove existence of solution, the well established boundary integral equation
method is employed. However, as opposed to the bounded obstacle case, the oper-
ators in the resulting boundary integral equation are no longer compact and thus
the Fredholm Alternative cannot be applied to establish surjectivity from injectiv-
ity. Thus, CHANDLER-WILDE, ROSS AND ZHANG [15] had to employ a much more
sophisticated solvability theory (see [17] and references contained therein) to prove
existence of solution.

Similar uniqueness and existence results are known for acoustic or electromagnetic
scattering problems involving an impedance boundary condition on a rough sur-
face [47], inhomogeneous layers [19,48] or rough interfaces [21]. However, no results
have been established for the case of an incident elastic wave. This thesis is a contri-
bution towards filling this gap by rigorously establishing uniqueness and existence
of solution to the problem of scattering an elastic wave by a rough surface in the



2 The Scattering of Elastic Waves by Rough Surfaces

case of the total displacement vanishing on the surface, and establishing well posed
integral equation formulations for such problems.

1.1 The Problem of Elastic Wave Scattering by a
Rough Surface

The propagation of time harmonic waves with circular frequency w in an elastic solid
with Lamé constants p, A (u > 0, A+ p > 0) is governed by the Navier equation,

pAu+ (A + p)graddiva +w?u = 0. (1.1)

We will consider elastic waves propagating in an infinite domain  C R?, bounded
by a rough surface S, given as the graph of a function f € CY*(R). The following
scattering problem will be investigated:

Scattering Problem: Given an incident field u that is a solution to
(1.1) in ©, find the scattered field u such that u™ +u=0on S.

Mathematically, we will formulate this scattering problem as a boundary value prob-
lem for a vector field u € [C?(2) N C(Q)]?, consisting in the first instance of the
Navier equation and the Dirichlet boundary conditions on S. However, this for-
mulation will not be well posed without some further assumptions on the solution.
Additionally, a vertical growth condition has to be imposed, and, more importantly,
a suitable radiation condition. How this condition is to be formulated is far from
clear a priori and the question will be investigated in some detail in Chapter 4.
This discussion eventually leads to the complete formulation of the boundary value
problem for u as Problem 4.15.

To establish existence of solution to the scattering problem, the boundary integral
equation method will be used. We will make an ansatz for the scattered field as a
potential of the form

u(x) = /S K(x,y)é(y)ds(y), x€Q, (1.2)

where ¢ € [BC(S)]?, the space of bounded and continuous vector valued functions
on S. This ansatz then leads to an integral equation for ¢, solvability of which
has to be proved. However, a number of difficulties arise: The first of these is the
suitable choice of the matrix kernel K in (1.2). For the integral to be well defined
for every bounded and continuous vector-valued density ¢, we have to require that

Kx,y)=0(y|™?), yeS, ly|l— o, (1.3)
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for every x € (2 and some p > 1. Thus the free field Green’s tensor, the standard
kernel in potential theory, which satisfies (1.3) only for p < 1/2, is not an appropriate
choice.

The second difficulty is that the integral operators in the arising integral equation
cannot be expected to be compact operators on the space of bounded and continuous
functions. To be able to still deduce existence of solution to the integral equation
from uniqueness of solution thus requires a much more sophisticated argument than
in the bounded obstacle case.

1.2 Main Results

The discussion starts in Chapter 2 with a presentation of linearized elasticity the-
ory, the foundation of much of what is to follow. Subsequently, the regularity of
solutions to the Navier equation (1.1) up to the boundary is investigated, making
use of regularity results for weak solutions to systems of elliptic partial differential
equations which are presented in the appendix.

The last two sections of Chapter 2 are devoted to the topic of matrices of fundamen-
tal solutions to the Navier equation. The fundamental solutions presented are the
free field Green’s tensor I' and the Green’s tensor, I'p p,, for a half plane with a rigid
boundary. The most important result of this discussion is the proof, in Theorem
2.13, that I'p, satisfies (1.3) with p = 3/2.

The object of Chapter 3 is the investigation of the properties of elastic single- and
double-layer potentials on rough surfaces defined using the fundamental solution
I'p.n. We will start by showing that when using the pseudo stress operator to define
the kernel of the double-layer potential, this kernel is weakly singular. As the next
step we review regularity results for elastic single- and double-layer potentials on
a bounded, closed surface defined using the free field Green’s tensor, I'. These
results are, in principle, well known. However, the presentation given is novel in
the sense that emphasis is laid on the uniformity of the regularity estimates with
respect to boundary curves sharing certain elementary geometrical properties. This
uniformity property is the key to applying the results for closed boundary curves
to prove similar results for potentials defined on rough surfaces, using I'p 5, as the
matrix kernel. These regularity results, presented as Theorems 3.11 and 3.12, are
the main results of this chapter.

Full attention can then finally be paid to the rough surface scattering problem. The
first goal here is to find an appropriate radiation condition for such a problem. This
condition, termed the upward propagating radiation condition (UPRC), is intro-
duced in Definition 4.9 and, subsequently, a thorough investigation of its properties
is undertaken. The most important results are given in Theorem 4.12, stating a
number of equivalent formulations of the UPRC and establishing how it generalises
and can be characterised in terms of other, standard radiation conditions.
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The UPRC is then used in the boundary value problem formulation of the rough
surface scattering problem as Problem 4.15. Apart from the Navier equation, the
Dirichlet boundary conditions and the UPRC, this boundary value problem formu-
lation also includes a growth condition ensuring that the solution remains bounded
in all horizontal strips. The remainder of Chapter 4 is then devoted to proving
uniqueness of solution to Problem 4.15. After some long and difficult arguments,
this goal is finally accomplished in Theorem 4.22, one of the central results of the
present thesis.

Chapter 5 is devoted to proving existence of solution to Problem 4.15, thus showing
that the problem is well posed. The boundary integral equation method is employed
for this purpose: Making a BRAKHAGE/WERNER [8] type ansatz for the solution
as a combined double- and single-layer potential the problem is reduced to proving
solvability of the resulting integral equation (5.2). Equation (5.2) is of the second
kind and the matrix kernel has a weak singularity but the range of integration is
infinite and so the integral operators are not compact.

The proof is based on a solvability theory for operator equations developed by
CHANDLER-WILDE, ROSS AND ZHANG [10,16,17,22,42]. However, differing signif-
icantly from the approach in these papers, solvability is first shown for the adjoint
equation, first in the space of bounded and continuous functions and then in sub-
spaces obtained by introducing a weighted norm. From this result, solvability of
equation (5.2) is deduced by a duality argument, yielding existence of solution to
Problem 4.15 in Theorem 5.24. In the framework of the solvability theory employed,
this approach is new. As a valuable consequence, it is shown in the last section of
Chapter 5 how the approach can be used to prove solvability of the integral equation
not only in the space of bounded and continuous functions but also in all L? spaces.

1.3 Notes on Notation

Throughout this thesis, all vectors and vector fields will be denoted either in bold
type or, in the case of surface densities, by Greek letters. Matrices or matrix func-
tions will be denoted either by bold capital letters or by capital Greek letters.

For any set S € R™ (m € N) denote by BC(S) the set of bounded and continu-
ous, complex valued functions on §. The set BC(S) is a Banach space under the
supremum norm || - [|oc.s-

Let u denote a scalar function defined on a bounded domain D C R™. For « € (0, 1],
we introduce the quantity

)

[u] b= sup |U(X) _U(Y)|
7 xyeD [x =yl

which, in general, may be infinite. The space of Holder continuous functions is
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defined as
C*(D) :={ue C(D): [u]ap < 00}

It is a Banach space with the norm
[tllosp := [[tellocsp + [tasp-

We obtain similar spaces of k-times continuously differentiable functions by the
definitions

C*(D) :={u e C¥D) : [Dku]a;p < oo}
and

k
lullan =D 1D ullocip + [D*ulasn, (1.4)
§=0
where D*u, k € N, denotes that the maximum of the corresponding norm or semi-
norm is to be taken with respect to all k-th partial derivatives of w.

We extend this notion to unbounded domains in the following way: For & C R",
define

VEe(8) := {u:u € C*(D) for any domain D cC S},

and
CH(S) == {u:u e V"(S) and sup ||ullpap < 00}
Dccs
Here, the notation D CC S denotes that the closure of D is a compact subset of S.
We also introduce a norm on C**(8), by defining, for u € C*%(S),

ullkais = sup ||ullx,a;0;
DccsS

and remark that C*(S) is a Banach space with this norm. For an equivalent
definition of this norm, (1.4) can be extended to S for all functions u € C**(S).

We will also make use of the standard Sobolev space H*(D) for any open set D C R”
and H'/2(dD) provided, the boundary of D is smooth enough (see [30, pp. 114] for
details). The notations H}. (S) and Hllo/cz(S) will denote functions that elements of
HY(D) and H'Y?(D) for any D CC S, respectively.

All these definitions generalise to m-vectors ([BC(S)|™, ...) by requiring all m
components to be in the corresponding scalar set. In the vector case, the norms are
to be understood as sums of the scalar norms of the components.

Mostly vectors and vector fields in R? will be considered. For such vector fields, in
addition to the usual differential operators grad- and div-, we will make use of

gradt u = (% _6_u T and diviu:= % — %

Oxy 01 Jry  Ory
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We remark that these are related to the differential operator curl- in the following
way: define v := (0,0,u)" and w := (uy,us,0)". Then (grad’u,0)" = curlv and
divtu = —(curl w)s.

The scattering surface will be represented throughout as the graph of a function
f € C**(R). The domain above this surface will be denoted by

Q= {x=(21,72) €R?: 1y > f(z1)},
and we set S := 00 = {x € R? : 29 = f(x1)}. For A > 0, we also introduce
S(A):={x€S:|n| <A}

The normal n on S will always be assumed to be pointing into (2.

Throughout the thesis, the letters A and H will frequently be used to denote certain
real numbers. As a convention, there will then usually hold h < inf f and H > sup f.

For a € R, we also introduce the sets

U, = {xeR*:2y>a},
T, = {xeR®:zy=a},
D, = {xe€Q:2y<a},
Y(a,A) = {x€Q:|r| =420 <a}.

Furthermore, the sets T,(A) and D,(A) are defined analogously to S(A). The
normals on T, and T,(A) are assumed to be pointing into U,, those on 0D, as well
as 0D, (A) and ~y(a, A) to be pointing out of D, and D,(A) respectively.

Throughout the thesis, use will be made of the Hankel functions of the first kind
and order n € N,

HY() = J,(t) +iYn(t), t€(0,00),

n

where J,, and Y,, denote the Bessel functions of first and second kind respectively.
The asymptotic decay rate of the Hankel functions and their derivatives as t — oo
is, for example, as given in [23]: For fixed n € N,

2 1
w0 = Z e (1o (D)),
2 . 1
HS)/ N o= i(t—nm/247/4) 1+0 (=
®) Vae© TO\7) s

From the definitions of the Bessel functions as given in [23], it is clear that the

— 00 (1.5)

singular behaviour of H{" () as t — 0 is

21 t
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oD

Figure 1.1: Property As for a domain with a boundary closing back in on itself

where C' denotes Euler’s constant.

We close this section with some remarks on domains of class C**, a € (0,1]. Adopt-
ing the definition given in [23, page 15], a domain D C R? is said to be of class
CYe if for any point x € 9D there exists neighbourhood Vy with the following
properties: the intersection Vi N D can be mapped bijectively onto the half circle
{y € R?: |y| < 1,y > 0}; this mapping and its inverse are continuously differen-
tiable and the derivatives are a-Hoélder continuous; and the intersection V, N 9D is
mapped onto the line {y € R? : |y| < 1,yo = 0}. Obviously, the domain 2 is in this
class.

If we restrict our attention to a bounded, simply connected domain D, then the
surface can be parametrised in terms of the arc length s by a function ¢ : R —
R?, with ¢ € [CY*(R)]?, and ¢ |0D|-periodic, where |0D| := [, ds denotes the
circumference of D. We define the quantity

H(D) e sup W =V

s,8'€R |S - S/|a

We note that, in the case a = 1, the second distributional derivative of ¢ is in
[L=(R)]* and thus the curvature x(x) at x € D is defined almost everywhere on
dD. In this case, |k(x)| < Hy(D) holds almost everywhere on dD.

For x, y € 9D close enough, let 0D (x,y) denote the shorter arc of 9D connecting
x and y. Then, if D is of class C1®, it will have the following property for some
parameter 0 > 0:

Property As: Forallx,y € 0D with |[x—y| < 0 there holds |x'—y| < ¢
for all X' € 0D(x,y).
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In Figure 1.1, this property is illustrated for a domain with a boundary that closes
back in on itself. Particularly, the parameter § has to be chosen such that a circle
of radius ¢ around any point x € 9D contains only one connected part of dD.

At certain points in the arguments, we will want to show certain estimates hold
with the same constants for all bounded, simply connected domains of class C1®
that share certain geometrical properties. For this purposes, for o € (0, 1], and &y,
0, M > 0 define

Dowosm = {DC R? of class C*, simply connected and bounded,
D satisfies A5, Ho(D) < ko, |0D| < M}.

Similarily, certain results will be shown uniformly with respect to classes of functions
f defining the boundary 02. Thus, for € (0,1], ¢ € R and M > 0, define

Boern i =A{f € CI’Q(R) Nfllher < M and inf f > c}.



Chapter 2

Time Harmonic Waves in
Linearized Elasticity

The basis of the present investigation into scattering of elastic waves by rough
surfaces is the theory of linearized elasticity. In this chapter, we will present the
fundamental equations of this theory and derive the Navier equation which governs
the propagation of time-harmonic waves in an elastic medium. The study of so-
lutions to this equation is then continued by deriving regularity results up to the
boundary based on regularity estimates for systems of elliptic partial differential
equations.

Subsequently we will introduce the matrices of fundamental solutions for the Navier
equation in free field conditions and for a half space with a rigid boundary. These
fundamental solutions will have a prominent role in all later chapters of this thesis,
as they are at the heart of the definition of elastic potentials and also of the new
radiation condition to be introduced in Chapter 4.

2.1 Linearized Elasticity Theory

The propagation of waves in an elastic solid with Lamé constants pu, A\ (@ > 0,
A+ 1 >0) and density p in three-dimensional space is governed by Hooke’s law

o = Adivud,, + p (8@7 + %> ;

,k=1,2,3 2.1
ak aa?] .]7 ) Sy ( )

and, in the absence of exterior forces, by the equations of motion

z :80-jk j .
axk at2 07 j Y 73 ( )
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Here, the vector field u denotes the displacement and (o;;) the stress tensor in R3.
We will assume that the density p is constant throughout the medium, say p = 1.

Throughout, only time-harmonic waves with circular frequency w > 0 will be con-
sidered, i. e. all fields are assumed to have a time dependence e=*?. It is common to
suppress this time dependence and then, using the same symbols as before, equation
(2.2) can be rewritten as

3
8Ujk

Do +w?u; =0, j=1,2,3. (2.3)

k=1

Inserting the components of (o) as given by (2.1) into (2.3) then yields the Navier
equation
pAu+ (A + p) graddivu + w?u = 0. (2.4)

Throughout this thesis, we will be considering scattering surfaces which are invariant
in one coordinate direction, say in the direction of the x3-axis, and we will also
assume that all waves are propagating perpendicular to that direction, i. e. the
fields do not depend on x3. In these situations, the system (2.4) separates into a
two-dimensional system and a scalar equation: Defining @1 := (u;,u3) ", we obtain

p AT+ (A + p) graddiva +w? i = 0, (2.5)
2
Aus + % uz = 0, (2.6)

Equation (2.6) is, of course, the Helmholtz equation; the analysis of this equation
is well understood and we shall not consider it here. For the special case of 2D
scattering by rough surfaces we refer the reader to the papers [15,19,20] and the
references contained therein.

Equation (2.5) is again of the same form as (2.4), only now in two dimensions. It is
in the form (2.5) that we will consider the Navier equation from now on, replacing
the notation u by u again, for convenience: the scattering problem will be treated
as a problem of plane strain. For simplicity, we also introduce the notation

A'u:= pAu+ (A + p) grad div u.

Because of the assumptions on the Lamé constants (u > 0 and A + u > 0), it is
easy to show that the Navier equation is uniformly strictly elliptic in any domain
in R2. Thus we have the following regularity result, which shall be used extensively
without further reference:

Lemma 2.1 Let Q denote a domain in R? and u € [C*(Q)]* a solution to the
Navier equation. Then u € [C™(Q)]?.
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Proof: The assertion follows from L*-estimates in [26] and subsequent applications
of Sobolev’s imbedding theorem. [

An important tool in the analysis of the Navier equation are the Lamé potentials.
We introduce the wave numbers for compressional and shear waves,

b= — and ko= 2
= n s = ——
V2u+ A Vi

respectively and define the Lamé potentials by

1 1
U, = _k_g divu and U, = i div* u. (2.7)

Some important properties of these potentials are listed in the following lemma.

Lemma 2.2 Let Q denote a domain in R? and u € [C*(Q)]* a solution to the
Navier equation. Then,

AT, + K20, = 0,
AV, + K20, = 0,

and
u = grad ¥, + grad® 0,

Proof: We recall
div Au = A divu = div grad div u.

Thus, by applying div - to (2.4), we obtain
(2 4+ A) Adivu + w?divu = 0.

The analogous equation for U, is obtained by applying div® - and noting that
div* grad divu = 0 for any three times continuously differentiable vector field. Fi-
nally, we have that

Au — grad divu = grad* div u,

and thus, by (2.4),

A
u = —%Au— —zﬂgraddivu

w w
R U S IO
= _k_g u—k—ggra 1vu+k—§gra wvu

1
= —ﬁgmddivu—ﬁgradldivl u.

D S

This completes the proof. [
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Remark 2.3 The vector fields u, = grad ¥,, and u, := gradt U, are called the
compressional and shear parts of u respectively. This terminology is justified by
observing that div* u, = 0 and divu, = 0, i.e. u, is irrotational and u, is divergence
free.

We follow KUPRADZE [35] in introducing a generalised stress tensor (m;i,) by

T ou; _Ou
Tk = Adivud;, + Ma_x;i + Mﬁ_:zf’
j

where [i, A are real numbers satisfying ji + A=A+ p. In the case p = and A = A,
the generalised stress tensor is identical to the standard stress tensor (o).

Given a curve A C R? with unit normal n, the generalised stress vector on A is

defined by
_ Ou X . o ge 1
Pu:= (mj;)n = (u—{—u)a—n +Andivu — gin—div-u.
This notion has also been used in the papers [25,38] and its 3D equivalent in [31].
Its significance and its properties for a special choice of ji and A will be discussed in
detail in Chapter 3 when we discuss the properties of elastic single- and double-layer

potentials. For now, we only point out that Pu is equal to the physical stress vector
Tu for the choice i = p and A = \.

Using the generalised stress vector, the generalised Betti formulae result as a con-
sequence of the divergence theorem:

Lemma 2.4 Let B C R? be a domain in which the divergence theorem holds and
let 0 denote the outward drawn normal on OB. Then, for vector fields v € [C'(B))]?
and w € [C*(B))?, the first generalised Betti formula holds:

/V-A*de:/ V-Pwds—/8ﬂ7;(v,w)dx, (2.8)
B oB B

where
L 81)1 awl 81)2 8w2 81)1 6w1 81}2 6w2
5ﬂ’>\(V7W) o (2M + )\> (@Il 8[E1 * 6372 8$2> + K (81’2 8x2 * 8x1 8x1>

N 81)1 awg 81)2 8w1 - 81]1 8w2 8112 8w1
+ A (8331 85132 + 8:62 (95131) "‘,U (81’2 (9.%1 + (9:1:'1 8x2> '

For v € [C*(B)]? the second generalised Betti formula holds:

/ v -A'vdx = / v-Pvds — / E5(v,v) dx. (2.9)
B oB B

Finally, for v, w € [C?(B))? the third generalised Betti formula holds:

/(V-A*W—A*V-W)dx:/ (v -Pw—Pv-w)ds. (2.10)
B oB

Proof: As in KUPRADZE [35] for the three-dimensional case. ]
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2.2 Regularity of Solutions

For many of the subsequent considerations, we will need regularity results for solu-
tions to the Navier equation and their derivatives in domains with smooth bound-
aries. Appendix A gives proofs of such results for weak solutions to elliptic systems.
In this section, we will use these results to obtain regularity estimates up to the
boundary for classical solutions to the Navier equation that are also weak solutions.

Let us start with a simple interior estimate, however:

Lemma 2.5 Given a domain G C R?, let u € [L=(G))? be a solution to the Navier
equation (2.4) in G in a distributional sense. Assume G' CC G and set d :=
d(0G',0G). Then, u € [CY(G")]? and for allx € G,

graduy(x)| < C(1+d ) ullwe  (k=1,2),

where C' 1s only dependent on p, A and w.

Proof: Application of estimates in Fichera [26] and Sobolev’s Imbedding Theorem.
n

By applications of this result we immediately obtain the following corollary:

Corollary 2.6 Given a domain G C R?, let (v,) C [L™(G)]? be a sequence of
solutions to the Nawvier equation in G and, for some vector field v, suppose that
va(x) — v(x) uniformly on compact subsets of G. Then v € [C*(G)]* and is a
solution to the Navier equation in G.

Now we want to establish regularity up to the boundary, using the results of Ap-
pendix A. Given a compact subdomain D of 2 and following Definition A.1, a
vector field u € [H'(D)]? is said to be a weak solution to the Navier equation if, for
any test field v € [H}(D)]?, the equation

2
/ {ngradwgradw + (A +p) diVlldiVV—u)Qll'V}dX: 0
D

Jj=1

holds (see also [46]).

To apply the regularity results derived in the appendix to classical solutions to the
Navier equation in €2, we now construct a set of bounded sub-domains of class C**
by the following procedure (illustrated in Figure 2.1). We set , for some H > sup f,

H —sup f
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Figure 2.1: Construction of the domain Dy,

We also introduce a C*° function y with the following properties: x(s) = 0 for
s<e, x(s)=1for s >1—c¢ for some ¢, 1/2 > e > 0. We now define the function
Xn € Cl’a(R) by

X(s—n+2), s<n-—1,
Xn(s) := 1, n—1<s<n+1,
xn+2—-35), n+1<s,

and finally the function f by

f(s) = xn(5) f(5) + (1 = Xn(s)) (sup f + p).

We now define the domain Dy ,, n € Z, as the set of points inside the boundary
curve 0Dy, constructed in the following way:

e between the points (n—2, f(n=2))T and (n+2, f(n+2))7, @Dy, is identical
to S:={x € R?: zy = f(z1)},

e outside this section, 0Dy, is continued as two half circles with radius p,

e the two half circles are connected by a straight line.

Thus, Dy, has the portion of S between n — 1 and n + 1 as part of its boundary,

Dy, C Dy foralln € Z, Dy = UneZ Dy, and there exist numbers kg, d, M such
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that Dy, € Dy yom for all n € Z. Moreover, as for x, y € Dy with |x —y| <1
there always exists a number ny € Z such that x, y € Dy ,,, it follows that there is
a constant C, only depending on «, such that

lallvap, < C sup [[uflyapy,
nez

for any u € CY*(Dy). Thus we can now apply the regularity results stated in
Theorem A.12 to classical solutions of the Navier equation.

Theorem 2.7 Letu € [C(Q)NC(Q)NHL .(Q)]? be a solution to the Navier equation

in §2, bounded in Dy for all H > sup f, andu =0 on S. Then u € VI (Q) and,
for any H > sup f, u € CY*(Dyg) with

[ull10:0, < Cllullo.ny, (2.11)

where C' is a constant only depending on \, u, w, H, a, ko, 0 and M.

Proof: Apply Theorem A.12 with D' = Dy, for all n € Z. [

2.3 The Free-Field Green’s Tensor

Central to potential theory is the idea of fundamental solutions; in the case of the
Navier equation, matrices of fundamental solutions (MFS) fulfill the same role. The
k-th column of an MFS, M, to the Navier equation is a solution to the equation

A:M-k<x7 Y> + WQM-k<X7 Y> = _5(X - y) €k, k=1,2,

for x, y € D for some domain D C R2?, where ¢ denotes Dirac’s delta distribution
and e, the k-th cartesian unit coordinate vector. The MFS most commonly used in
conjunction with the Navier equation is the free field Green’s tensor I' given by

7 7
D0 y) o= B (b = ¥ T 35 VIV (B (b = 1) = H (b~ 1)
(2.12)
with x, y € R?, x # y, where H,(LD(-) denotes the Hankel function of the first kind
and of order n.

As, for example, KRESS points out [34], with the help of the Bessel differential
equation it is easy to see that the components of this matrix can be written as

) = < — v\ 5. vy @i = ¥i) @k —yr) —_
utxy) = o {0 — ) g+ a(x -y B (g 225
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where, introducing the constant 7 = k,/ks,

g B (1) _
O,(t) = HV (k) k5t<H1 (kst) — 7 HO(k, t))
2 21
Do(t) = - tHP(kst)—Hg”(kst)— o~ O (kyt) + 72 H (yt).

This formulation is very convenient to analyse the singular behaviour of I' as |x —
y| — 0 by applying (1.6). This behaviour and some other well known basic proper-
ties of I' are given in the following theorem.

Theorem 2.8 The MFS T is analytic for x #y. It is symmetric, its columns and
rows are solutions to the Navier equation with respect to x in R*\ {y} and with
respect to 'y in R?\ {x}. Furthermore, it satisfies, for some constant C' > 0, the
estimate

s [, )] < € (14 Tog x = y1 ) (2.14)

The Lamé potential representation of the columns of I' is given by

L(xy) = grad, U (x,y) + grady ¥V (x,y),  k=1,2, (2.15)
where
g _ ot affnk 516
7@ ._ i 3}{nk 517
P (x,y) = —?% (kplx =), (2.17)
1 o P9
VO0ey) = g H (x = y), (2.18)
i 0
W@@J)?=+Zggme@k—yU (2.19)

Using Fourier transforms, we can obtain an alternative representation of I" which
will be useful in the next section. For functions f depending on x; and y; through
the difference X; = z1 — 3, we will temporarily denote by F|f] or alternatively by
f the Fourier transform with respect to X; := x; — yy, i.e.

FIIW) = f() /f et 4,

It is well known that
262\/’@2 —t2|z2—yo|
k2 _ t2

FLH (klx = y|)](£) = : (2.20)



2. Time Harmonic Waves in Linearized Elasticity 17

where the branches of the square root function in the complex plane are chosen such
that the imaginary part is non-negative. This will be the convention throughout
the thesis. We introduce the notations

Vp = /K2 — 12 and Vs =\ k2 — 2.

Calculating the Fourier transforms of (2.16)-(2.19) using (2.20) and inserting the
result in (2.15) then yields

FII'(xy)]@) = #{ < _tsgf({;p_ " —t SgnEyiQ — ¥2) )emm_yz

Vs tsgn(za — Y2) \ ivelza—ol
X el . (221
( tsgn(ra — yo) t2/7s ) (220)

By applying the generalised stress operator P to I', we obtain matrix functions IT1(})
and I11®:

MY (xy) = (PY(Tuxy),
HE‘?(X,Y) = (PY(Iuxy)"),.

Y

The properties of these matrix functions, very similar to those of I', are listed in the
following theorem.

Theorem 2.9
(a) Fory € R?, the columns of I1?)(-,y) are solutions to the Navier equation (2.4)
in R*\ {y}.
(b) For x € R?, the rows of IIV(x, ) are solutions to the Navier equation (2.4)
in R?\ {x}.

(c) Forx,y € R? x #Yy, there holds

I?(x,y) = W (y,x)".

(d) Let B C R? be a bouncjed domain in which the divergence theorem holds. Then
any solution u € C?(B) to the Navier equation can be represented as

u(x) = /a Ty Puly) = 196, y) uly) ds(y)

forallx € B.
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Proof: Part (c) follows directly from the definitions of I (j = 1,2) and P together
with Theorem 2.8. The same argument yields that the columns of II®)(-,y) are
solutions to the Navier equation in R?\ {y}.

Part (b) is now a direct consequence of parts (a) and (c).

Part (d) is finally seen by applying the 3rd generalised Betti formula (2.10) and a
standard potential theoretic argument, using the fact that I'(x,y) has a logarithmic
singularity for |x —y| — 0. [

2.4 The Green’s Tensor for the First Boundary
Value Problem in a Half Space

As was pointed out in the introduction, and can be proven rigorously from (2.13),
the free field Green’s tensor I' satisfies (1.3) only for p = 1/2. This asymptotic decay
rate as |x — y| — oo is not sufficient to ensure that integrals of the type

/S [L(x,y) ¢(y) ds(y)

exist for all ¢ € [BC(S5)]?. Therefore, we will derive and analyse the Green’s tensor
I'p s for the first boundary value problem of elasticity in a half space Uy (h € R).
This Green’s tensor was first introduced in [4]; this section gives a more detailed
presentation of the results of that paper.

Motivated by the form of the corresponding Green’s function for acoustical wave
propagation, we make an ansatz of the form

Ipn(xy) =T(xy) -T(xy,) +UXy), xyecU,x#Yy, (2.22)

with a yet unknown matrix function U. In fact, we will assume that U only depends
on x and y through the variables X; = x; — y1, x5 and ys. For fixed y € Uy, the
columns of U(-,y) have to satisfy

AU k(x,y) + WU 4(x,y) =0, x € U, \ {y},
U-,k(X7 y) = _Fk(x7 Y) + P-k(X7 y%)? X € aUh’

and they also have to be bounded and represent a wave field propagating away from
T}, (this notion will be made mathematically precise in Chapter 4 when we discuss
radiation conditions).

We represent U by its Lamé potentials,

U(x,y) = grad, U, (x,y) + grady U7, (x,y), k=12, (2.23)

S
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and conclude by Lemma 2.2 that
AX\D%“?I)(X, y) + ki\llgl}?p(x, y)=0 and AX\I/(&)S(X, y) + k?@%ﬂ?p(x, y) = 0.

Taking the Fourier transform with respect to X7, we obtain the two ordinary differ-
ential equations

2
= (k = (k
TV, + 7 Ty, = 0 (2.24)
2
P =) | aak)
and @\I]U,S + f}/s \I]U,S == O (225)
2

As it is assumed that U be bounded and represent an outgoing wave field, we select
solutions to these equations of the form

\if%’;}p — A;S?k) (t, y2> e’i’}’p(x27h) and \ijgf) Agk) (t, y2) ei'ys(ngh)' (226)

,S

The coefficient functions Az(,k) and A% can now be calculated from the boundary
conditions. Using (2.21), we obtain, for x5 = h,

g0 g
_thjU,p —|— d—xQ\I]U’s = 0,

C g0 g — k) _ glnh)
dy Vow T 0L = (T e ),
S L e instnm)
RO T gy Us T 2 \© © ’

d 6 o 5O
d—xz\DU’p + Zt\DU,s = 0
Inserting the solutions (2.26) yields, after some elementary calculations,

A A0 1 ty, 2 e (s
5 t, R 5 e(y2—h) _ qivs(y2=h)\
< AI(72) AP (632) w? (VpYs + 12) —t* 1y, ( )

Now, taking inverse Fourier transforms and using (2.23), we finally arrive at

Ulx,y) = _2m2/ (M (t, p, Vs T2, Y2) + Mo(t, 7, 75 T2, y2)) €00 dE, - (2.27)
with
e (@2+y2=2h) _ oi(vp(z2—h)+7s(y2—h)) —t2y 3
M, t? )y Vs L2, = ’ )
Pl 20322 32) T+ 2 ( s —t%)
Mot et 2 ) = eivs(Taty2—2h) _ qi(ys(z2—h)+7p(y2—h)) —t2, — Y,
s\t Ipy Isy ) . 7p'75+t2 —tS _thyp .

From the construction of U, we immediately have the following theorem, listing
some basic properties of I'p p:
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Theorem 2.10 Fory € Uy, Tpu(-,y) — (-, y) € [C®(U,) N CHU,)**%, and the
columns of U'p (-, y) are solutions to the Navier equation (2.4) in Uy \ {y}. Fur-
thermore, I'p p(x,y) = 0 for x € OU},.

We will now address the main advantage of using I'pj;, over I' in rough surface
scattering applications, its faster asymptotic decay rate as |z1] — oo in horizontal
layers above OU),. For the first two terms in its representation, this is shown in the
following lemma:

Lemma 2.11 Forx,y € Uy, |[x —y| > 1 the estimate

H(xs —h,y2 — h)
/ )
j,rlf:ljl},(Q |ij(X7 Y) - ij(X, yh)| < |X — y|3/2

)

holds, where H € C(R?).

Proof: Using (2.13) and the notations r = |x —y| and r’ = |x — y},|, there holds
l
4p

0 Q(Qh—?h)(ffl —yl) ‘132(7")
- < 2(2h — ) (21 — 1) 0 ) T

i ( : (v1 —y)? (@1 — y1) (@2 + y2 — 2h) ) (‘I’2(7”) B @2(7”/)> }

w1 — y1) (w2 +y2 — 2h) (29 + y2 — 2h)? r2 72

I(xy) - T(x,y}) = { (@1(r) — Bu() T

So it obviously suffices to show the estimate for the functions

(1 — 1) Po(r) Dy(r) _ ‘I)z(rl)) '

r2 r2 T’Q

Oy (r) — D4(r'), , and (2, —u)? (

Using the mean value theorem yields

By(r) — By ()] < |r — '] max |}(1)] = 22T DTy

r<t<r r—+r r<t<r’

and thus the asymptotic decay rate of Hankel functions and their derivatives (1.5)

yields the asserted estimate in the first case because of the assumption |x —y| > 1.
T1—Y1

In the second case,
last function, we rewrite

is bounded and %T(T) has the required decay rate. For the

Oy(r)  Dy(r') (@2(7«) — o(r) + 44(“_’?2(”_’1)@2(7"))

72 r? 12 4+ 4(xg — h)(ya — h)
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Figure 2.2: The path of integration

, T2+4Ei;:§f)z;_h) is bounded, ®5(r) — ®o(r’) can be estimated in the same way
)

Now

as ®1(r) — @ (r') above and 22 decays even faster than required. ]

To prove a similar estimate for U, a more lengthy analysis is required. To obtain
alternative representations of the integrals used in (2.27), we deform the path of
integration in the complex plane. To this end, branch cuts from +k, and £k,
respectively to £k, £ i0o and £k & 200, are introduced. Recall that the branches
of the analytic extensions of v, and s were chosen such that their imaginary part is
non-negative. Note also that the integrands in (2.27) do not have any singularities
on the chosen branches of v, and 7. Restricting ourselves to the case 1 > y; for the
moment, we deform the path of integration into the lower half plane as illustrated
in Figure 2.2.

It is easily seen that the integrals over the arcs vanish as their radius tends to
infinity, so only the branch line integrals remain. Denoting the paths of integration
along the branch cuts by C; UCy and C3 U Cy, as indicated in Figure 2.2, we rewrite
U as

U(X, y) = [1 + [2 =+ [3 + 147 (228)
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with
7 .
L = — M, (t, Yy, Vs; To — h,ys — h) e X110t
1 27 Jo e p(t,Vps Vsi T2 — hyy2 — )

7 )
L, = — M;(t,vp, Vs; T2 — hyya — h) e Xt gt
277'(.4.)2 C1UCs P

1 )
I3 = — M, (t, Yy, Vs; To — h,ys — h) e 10t
3 27rw2 auCs p( ’Yp i 2 Y2 )

1 A
I4 = - Ms(ta Yp> Vsy L2 — h, Y2 — h) e_ZX1t dt
277_(.4.)2 C3UCy P

More explicitly, there holds

7: . [o¢]
I, = —— %k / { M (~ks—is, Vpley» Vsleos T2 — hyy2 — D)
2mw? 0 g m ’

- Mp(_ks_isv f)/p|C1 ) 78|C1 y Lo — hu Y2 — h’)}ei)(ls dSa

and similar formulae for the other three integrals. Note that vs|c, = —7sle,, and
Yoley = Vple,. Using the mean-value theorem, we thus conclude

Mp(fksfi& ’7p|C27 ’75|C2; T, y2) - Mp(*ksfi& ’Yp|C17’ys|C1; X2, y2>

oM,
=2 Re(,}/slcl) Wp(*ksfisv ’Yp|c1 y ga X2, ?/2)

for some £ on the line between 7s|¢, and vs|c,. Now, %ﬁ” (=ks—is, Vplcy s & @2, y2) 1s seen
to be continuously dependent on s in [0, 00) and, for some constant C' continuously
dependent on x5 and ys, there holds

) oM
s 1/2Re(%|cg)w(—ks—i57’Yp’cl,ﬁ;f@,yz) <C

for s € [0,1]. Therefore, we can estimate the asymptotic decay rate of I; by em-

ploying the following lemma with r = %

Lemma 2.12 Assume q € C([0,00)) such that Cy =[] |q(s)le™* ds exists. For
X > 1, set

I(X) = /OOO q(s)e % ds.

Further assume that for some r > —1 there exists Cy > 0 with |s™"q(s)| < Cy for
all s € [0,1]. Then, for X > 14 (r+1) log X,

1
X+l :

[I(X)[ < (CL+T(r+1)Cy)
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Proof: We can estimate

1
/ q(s)e **ds
0

On the other hand, we have

/ q(s)e **ds
1

forall X > 1+ (r+1) log X. Adding these two estimates yields the assertion. =

C(r+1)

1
< Cg/ sTe X0 ds < Cp—— 2,
0 XT+1

o0 C
—(X-1) —s 1
<e /1 la(s)le™ ds < <5

An identical analysis yields this decay rate for the other three integrals in (2.28)
and also for the case x1 < y;. In the latter case the path of integration has to be
deformed into the upper half plane. Thus, also recalling Lemma 2.11, the following
theorem is proved:

Theorem 2.13 Forx,y € Uy, € > 0 and |x1 — y1| > €, the estimate

H(xQ - h7 Y2 — h)
I <
ﬁfﬁ’ phgk(X,¥)] < 21 — ]2

holds, where H € C(R?).

Remark 2.14 We also note that from (2.14) together with Theorem 2.13, we see
that there exists some constant C' > 0 such that

max [[pju(x,y)| < Cl1+loglx —yl| (2.29)

forx, y € U,. As a consequence, together with an application of Theorem 2.13, we
have, for h < inf f and h' > sup f, that

sup [ max [Tpy n(x,y)[>ds(y) < oc.
xeD,, J g 3:k=1,2

For much of the subsequent arguments, the following lemma will be useful:

Lemma 2.15 Forx,y € Uy, x #y, the following reciprocity relation holds:

FD,h(Xu Y) = FD,h(Y7 X)T-
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Proof: From (2.22) and (2.27) by tedious but elementary calculations. ]

Similarly to the case of the free-field’s Green’s tensor, we can now apply the gen-
eralised stress operator to I'p, thus introducing the matrix functions H%’)h and

2
Hsj?h:
1 b'e
M), (6y) = (PO (Toui(x,y));,
2
), wxy) = (PY(Con,(xy)7),.

Theorem 2.16 Assume x,y € Uy, x #y. Then,

(a) Theorem 2.13 holds with I'p, replaced by Hg?h and H(DQ?h respectively,
1 2
(b) My (x,y) = T3 (y. %),
(c) the columns of Hg?h(-, y) are solutions to the Navier equation in Uy \ {y},

(d) the rows of Hg?h(x, -) are solutions to the Navier equation in Uy \ {x},

(e) Let B C Uy be a bounded domain in which the divergence theorem holds. Then
any solution u € [C*(B)]* to the Navier equation can be represented as

u(x) = / Tp(x.y) Puly) =TI (x,y) u(y) ds(y)

forallx € B.

Proof: Part (a) follows from Lemma 2.5. Part (b) is an immediate consequence of
Lemma 2.15. Part (c) follows from the definition of the generalised stress vector.
Part (d) follows from parts (b) and (c). Finally, (e) holds because of the corre-
sponding relation for I' (Theorem 2.9) together with Theorem 2.10 and the third
generalised Betti formula (2.10). ]

Remark 2.17 Similarly to (2.29), we also prove that H(D27)h(X7 y) remains bounded
for |x —y| > e > 0. Thus, and using Theorem 2.13 and Lemma 2.5, we see for

H' > H > h and any derivative with respect to x, G, of Hg’)h that

sup max |Gx(x,y)|ds(y) < oc.
XEUH\UH/ Ty Jk=1,2



Chapter 3

Elastic Potentials on Rough
Surfaces

It is the object of this chapter to establish regularity results for elastic poten-
tials defined on the surface S and mapping properties of related integral operators.
Throughout this chapter, we will limit ourselves to surfaces given as the graph of
functions f € CY'(R). To be able to establish our final results, we will point out a
special choice of the values i and X in the definition of the generalised stress vector,
for which the kernel in the definition of the double-layer potential only has a weak
singularity for x — y on S. We will then restate some well known properties of the
elastic potentials in the case of a closed boundary curve. These results will differ
from the usual formulation, however, in that emphasis will be laid on uniformity
with respect to a certain class of boundary curves. Returning to the case of the
unbounded surface S, the results for the closed boundary curve will be applied by
decomposing the potentials into a smooth part defined on all of S and a singular
part with support only on a compact subset of S. Thus we derive similar regularity
results for the rough surface potentials.

3.1 Basic Properties of Elastic Potentials

We will start this chapter by introducing the elastic potentials of interest to us. For
a vector valued density ¢ € [BC(S)])?, we define an elastic single-layer potential on
the rough surface S by

v(x) = /SFD’h(Xj y) o(y) ds(y) for x € Uy \ S, (3.1)
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and a double-layer potential on S by
w(x) = /SHg’)h(x, y) o(y) ds(y) for x € Uy, \ S. (3.2)

If we assume D to be a bounded, simply connected domain of class C*!, we similarly
can, for ¢ € [C(OD)]?, define a single-layer potential on D by

vp(x) = /8 Ty)oly)dsly).  x €D, (3.3)

and the elastic double-layer potential

W (x) i /a M¥y)oly) ). x €R\OD. (3.4)

From the properties of the fundamental solutions I' and I'p 5, as well as their deriva-

tives I1® and H(D2)h, it is clear that all the integrals exist as improper integrals.
Furthermore, the following theorem is a standard result:

Theorem 3.1 The potentials v and w are solutions to the Navier equation in Uy \Q

and in §2. The potentials vp and wp are solutions to the Navier equation in D and
in R*\ D.

3.2 The Pseudo Stress Operator

In Section 2.1 the generalised stress operator P was introduced. We will now inves-
tigate what influence the parameters i and A in its definition have on the singular
behaviour of the derivatives of the fundamental solution, I1¥)(x,y), j = 1,2, for
|x —y| — 0. We will find that for the special choice i = pu(pu+ A)/(3p + A) and
A= (204 N+ N)/(31+ \), these matrix functions become weakly singular. In
this case, P is called the pseudo stress operator (KUPRADZE [35]).

To simplify the investigations, we introduce Kelvin’s matrix, the matrix of funda-
mental solutions for elasto-static problems, i.e. boundary value problems involving
the Navier equation with w = 0:

3+ A 1 A
r JY) = 0 I+
“O) = e By I @a N

J(x—y),

for x, y € R? x # y, with
-

J(z) = 22

2
As the following theorem shows, the matrix function I'x has the same singular
behaviour as I' itself.
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Theorem 3.2 The matriz function A defined by

Alx,y) =T(x,y) - T'k(xy), X £y,

belongs to [C1(R? x R?)]?*2.

Proof: It is only necessary to show that A is well-defined and continuously differ-
entiable for x = y. From (2.13) and asymptotic expansions for ®1, ®, given in [34],
we see that

A(x,y) = ®1(x = y) T+ Py(jx — y]) I(x — y),
with
1(t) = Bit?logt+v+logtO(t") + O(t?),
o(t) = Bot?logt+logt O(th) + O(t?)
as t — 0, with complex constants 3, B2 and ~.

We further introduce the matrix function H® by

zz' ez +ze

P PP

H(z) := -2z 1=1,2,

for z € R?, where e; denotes the [-th cartesian unit coordinate vector. An easy
calculation then shows
0

— A(x, = \(]x — DI § (x —
. (x,¥) 1{ Y\)|X_y| H([x —yl)

Ty — Y
Jx—y
x -y ( )

+Oy(Jx —y)HO (x — y).

As
U (t) = 301t logt +logtO(t?) + O(t),
dh(t) = 3Byt logt+logtO(t*) + O(t)
as t — 0, the assertion follows. [

We will now apply the generalised stress operator P® to the columns of I'x. Denote
by A a curve of class C! in R? and by n(x) its normal at x € A. Forx € A, y € R?
and setting r := |x — y| as well as C':= (3u + \)/(47u(2p 4+ N)), we obtain

1 +A Or Or
Trp(x,y) =C {5jk log — + 3/L+ \ Oz, &fck} '
J
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Thus, after some calculation,

MrpXy) o ofs O o 1, ntA or or
on(x) = O on(x) log 3p+ A Z 8xl Oz, Oxy,
0 1 W+ Or Or
B C{@n(x) log; (6jk+23,u+)\ Oz, ka)

A 0 1 0 1
_ M (nj log——i—nk—log—) }
85[)j

3+ A Oxy, r r
Similarly, we obtain
20 0 1
divylg ., = — -,
Wl Kok 31+ A\ Oxy, r
and thus
: 2u 0 1

Finally, there holds

i), = 3 () k)

ox ox;
=1 L J

20+ A 0 1 0 1
2C 0 log — — — log — ».
3/L—|—)\{ ik on(x) Ogr 1k 0z; Ogr}

Combining these results yields

o 1 ~ J2u+ A
) = - -
(P (P 1 (x, Y)))j Can(x) logr ((“—i_u 2 3/L+)\) "
o p+XN Or Or
2 a0
+ W+“%m+Aa%6m

0 1 20+ A [+ A
—~ oo =
+0nk8x]~ Ogr( 3 +A — )3 )\)
0 1/~ 2u
Cnj — log— [ A
i nj@a:k Ogr( 3+ (it 3u+)\)

We thus immediately obtain the following lemma:

Lemma 3.3 Let A denote a curve of class C' in R* and assume x € A, y € R?.
For the choice i = pu(u+X)/(Bu+X) and X = 2u+A)(n+N)/(Bu+N), there holds

L (204 A ptA or ory 9 | 1
PO (k. = o | gy Ok T2 o, tog -
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Proof: Immediate from (3.5) by inserting the given expressions for ji and A. ]

Remark 3.4 Let A denote a curve of class C*' in R? and assume x, y € A. Then,
as a consequence of Theorem 3.2 and Lemma 3.3 and also observing Theorem 2.9
(c), we have that the estimate (2.14) holds with T' replaced by 11V, j = 1,2.

3.3 Uniform Regularity Results for Elastic Poten-
tials on Bounded Surfaces

It is the goal of this section to state regularity results and jump relations for elastic
potentials defined on smooth, bounded, closed surfaces. These results are in princi-
ple well known [24,35]. In our presentation here, we will rely heavily on the proofs
given in [24], but the results will be generalised in two important aspects. Firstly,
we shall consider boundary curves of class CY! instead of those of class C?. This
extension is important for the solvability theory presented in Chapter 5 as this the-
ory requires a compactness property of bounded families of such surfaces in a weak
topology. This property would not be satisfied without additional equicontinuity
assumptions by families of C? surfaces.

Secondly, we shall identify the properties of the boundary curves that determine the
constants in the regularity estimates. We are thus able to formulate these results
uniformly for classes of domains sharing these properties.

Let us address the generalisation to C'%! boundary curves first. For a detailed
analysis of potentials defined on Lyapunov surfaces, see e.g. [29]. For a boundary
dD of class C™!, the curvature x(x) can be defined for allmost all x € 9D. Moreover,
recalling the remarks on C'** domains in Section 1.3, there holds x € L*>°(9D) and
1]l op) < Hi(D).

A careful review of the proof of the regularity estimates in [24] reveals that the
assumption of a C? boundary is only used to obtain certain geometrical estimates
through Taylor expansions up to second order. In the proof of the following lemma
(Lemma 1.1 in [24]) we indicate how these results can be proved in the case of a
boundary of class O

Lemma 3.5 For some numbers ko, 6, M > 0, assume D € Dy 5. Then

q|X_y|27
qlx -yl

n(x) - (x —y)|

<
In(x) —n(y)| <
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for all x, y € 0D, with the constant q given by

q = max {\/5&0, 2(min{J, 2%%})1’ (min{0, 2%00})2M} .

Proof: Let 0D be parametrised in terms of its arc length and denote by t(s) and
n(s) the tangent and normal vectors at s, respectively, and by k(s) the curvature
at s, for all s where it is defined. Then

0 2
D) = x(sn)f? = 26(s) - (x(s) — x{s0)),

%MS) —x(s0)[* = 2[1—(s)n(s) - (x(s) — x(s0))],

where the second equation holds for almost all s. Thus
s t
x(s) = xlso)t = 2 [ [ k() n) - (x(t) = x(su)) dt
so Y so
s t
n(so) - (x(s) — x(s0)) = — / / k(#) n(t)) - (so) dt’ dt.
so 7 so

First suppose that |x(s) — x(sg)| < min{d, (2k9)'}. Then an easy estimate of the
double integral in the first equation yields

x(5) = x(s0)? 2 5 (5 = s0)”
and consequently, from the second equation,
[n(s0) - (x(s) —x(50))| < ko |x(s) — x(s0)[*.
For |x(s) — x(sg)| > min{4, (2x¢) "'}, there trivially holds
n(so) - (x(s) = x(s0))| < (min{d, (2r0) ™" })7*M |x(s) — x(s0)|*.
Similarly, we have

n(s) — n(s) = / Ct) b(t) dt.

S0

The same reasoning as above now yields

In(s) — n(sg)| < max {\/5/10, 2 (min{0, (2&51})_1} 1x(s) — x(s0)]
u
For the following arguments, let o, 6, M > 0. For any D € D, 5.m and ¢ €
[C(OD)]?, we define the elastic single-layer potential vp and double-layer potential

wp by (3.3) and (3.4), respectively. Subsequently, let a superscript ~ denote vector
fields defined in D and a superscript * vector fields defined in R? \ D.

The following theorem states regularity results for the elastic single layer potential.
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Theorem 3.6 Assume D € Dy . 50m-
(a) For ¢ € [C(0D))? and a € (0,1), there hold vp € [C%*(R?)]* and

Ivolloar: < Cl|@locon,
where the constant C depends only on o, kg, 6 and M.

(b) For ¢ € [C™*(OD)]?, a € (0,1), the first order derivatives of v, in R*\ D and
in D have C%*-extensions to R*\ D and D respectively. Furthermore, there

holds
Vol IVHlIlarno < Cllolloaon,

where the constant C' depends only on «, ko, 6 and M. For ji = p(u+X)/(3u+
A) and X = 2u+ A)(pn+ N)/(Bp+ A), there holds

PA(x) = F50(x) + ADH<I><X7y>¢<y>ds<y>, xcdD,  (36)

where the integral exists as an improper integral.

(¢c) For ¢ € [C(OD)]? and o € (0,1), there holds

/8 T(.y)oly)dsty) € (0D,

where the integral exists as an improper integral. Furthermore,

where the constant C depends only on o, kg, 6 and M.

S C ||¢||oo;8D7

0,a;0D

/8 TCy)0ly) ds(y)

Proof: The Theorem is proved in the same way as Theorem 2.19 and Theorem 2.21
in [24].

For the dependence of the constant C' on the parameters, a review of the proof
in [24] shows that all constants depend on kg, § and M in a similar way as the
constant ¢ in Lemma 3.5.

Applying the arguments of [24] it follows that (3.6) holds for all A and ji, with the
integral defined in a Cauchy principal value sense. That the integral exists as an
improper integral for fi = g (0 4+ A\)/(3p + A) and X = (20 + A)(u + A)/(Bu + A)
follows from Theorem 3.2 and Lemma 3.3.

Note that (c) is implied by (a). n

The corresponding theorem for the double-layer potential is as follows:
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Theorem 3.7 Assume D € Dy .y 50m-

(a) For ¢ € [COD)P, i = 1+ N)/(3u+A) and A = (24 N+ N) /(3 + ),
the double layer potential w5 in R\ D and in D has continuous extensions
to R2\ D and D respectively. Furthermore, there holds

IWblloe:ps W hllsowrn < C'[|@lscion,

where the constant C' depends only on ko, 0 and M, and

wh(x) = 5000+ | T®xy)oly) dsty).  x oD,

where the integral exists as an improper integral.

(b) For ¢ € [C(OD)?, ju= pu(p+A)/Bp+A) and X = (2u+ A)(p + A) /(3 + )
and o € (0,1), there holds

/a O, y)oly) dsty) € [COUOD)FE, = 1.2

where the integral exists as an improper integral. Furthermore,

where the constant C' depends only on «, kg, 0 and M.

S C H(bHoo;BDa j - 17 27
0,a;0D

/a () o) ds(y)

Proof: Observing also Lemma 3.3, the assertion is deduced analogously to [24,
Theorem 2.20], but making use of the fact that the integral kernel is weakly singular.
Also note Theorem 2.9 (c) to show the assertion on the integral in the formula for
wp(x), x € 0D. m
It is also possible to study the regularity of the elastic surface potentials if the
density is in a Sobolev space of fractional order. Such investigations have e.g. been
carried out in [25]. We will only make use of the following result:

Remark 3.8 Assume D C R* to be of class C', i = pu(pu + N)/(3u + A) and
A= 2u+N)(p+N)/Bu+ ) and ¢ € [HY*(OD)]?. Then there holds vp, Wp €
[Hioo(R?\ OD)]?.
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3 : — .
b b+6  b+1-0 b+1 s

Figure 3.1: The function xq

3.4 The Regularity of Elastic Potentials defined
on Rough Surfaces

To obtain similar regularity results for elastic potentials defined on an unbounded
surface, the kernel functions will be separated into localised singular parts and the
remainders which are smooth. The regularity estimates obtained will be uniform
with respect to certain classes of boundaries.

To this end, fix h € R and also ¢ > h and M > 0. Recalling the definition of the set
B ¢ in Section 1.3, we will show the regularity of the potentials uniformly with
respect to functions f € By ..

Also fix H> M > sup | f]lwr and introduce the domains
f€B1,e,m

Ve={xelU,:n—1<xz <n+ 1,29 < H}, n € 7.

It now follows that for each x, y € U, \ Uy there either exists n € Z such that x,
y € V, or |x —y| > 1 must hold.

We also introduce a C* function y with the following properties: x(s) = 0 for s < ¢,
x(s) =1for s > 1 —¢ for some ¢, 1/2 > ¢ > 0. For a < b, we now define (see also
Figure 3.1)

1, a<s<b,
X(s—a+1), a—1<s<a,
xb—s+1), b<s<b+1,

0 otherwise

X[a,b](s) =

Then o4 € C5°(R).

In the following arguments, we will indicate dependence of a function or set on the
boundary function f € By . by a sub- or superscript f. Recalling definition (3.1)
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of the elastic single layer potential on a rough surface, we define for f € B; . and

¢ € [BC(Sy)]?
V{n(X) = /s (FD,h(Xa y) — X[n—1,n41] (1) I'(x, Y)) P(y) ds(y), xeV,\ Sy,

and
Vg,n(x) = /S F(X7 Y) X[n—l,n-‘rl] (yl) ¢(y) dS(Y)v X € Vn \ Sf
f

On V,, \ S} there obviously holds v/ = V{m + vgﬁn. We now analyse the regularity
of these two vector fields.

Lemma 3.9 For f € By .y and o € (0, 1), there holds V{’n € C*"(V,) and

IV alloavs, < Clidllocis,

where the constant C only depends on o, ¢, M, h and H.

Proof: For x € V,,, y € S, set

Kjk(x7 Y) = FDJLJ"C(X’ Y) — X[n—=1,n+1] (yl) ij(x7 Y)7 jv k= 17 2.

From Theorems 2.10 and 2.13 as well as Theorem 2.16 we know K, is continuously
differentiable in V,, x Sy and that there exists a function x € L'(R) N BC(R),
dependent only on ¢, M, h and H such that

| K (%, y)]
lgrad, Kp(x,y

Y } < k(x1 — 1), xeV,,yeSy (3.7)
Thus, we immediately obtain, for x € V,,,

V.00l <41+ M) |6l [0lls,, X € Vo (3.8)
Now, for some € > 0, set

Sxe =4y € Sy :|z1 —wm| < e}, x eV,

Then, letting x, x’ € V,, and assuming |x — x'| < ¢, from (3.7) and the Mean Value
Theorem it follows that

/S (K(x,y) — K(x,y)) () ds(y)

< 16 (L4 M) [l e [[llocis, [x = x| (3.9)
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On the other hand, we also have the estimate

| y) - K) 6) dsty)
Sf\sx,QE
< M) [l 7 ol x = X1 .10

Combining (3.8)—(3.10) yields the assertion for |x — x| < e. In the case |x —x'| > &,
from (3.8) we trivially obtain

V1 (%) = V1) < 8L+ M) e [[ollawy dlloess, I — x|

Lemma 3.10 For f € By u, a € (0,1), there holds V{m e C%(V,) and

I3 alloasvi, < Clldllocss
where the constant C' only depends on o, ¢, M, h and H.
Proof: We define domains D}, f € By ., in a manner very similar to the con-

struction described in Chapter 2, just before Theorem 2.7. Choosing p > 0, we
define

x(s —n+3), s<n-—2,
Xn(8) == 1, n—2<s<n+2,
x(n+3—s), n+2<s,

where y is the same cut-off function used earlier in this section, and set

F(8) = xa(s) f(5) + (1= xu(s)) (M + p).

A closed C'! boundary curve dD; will now be constructed as indicated below and
illustrated in Figure 3.2.

e between the points (n—3, f(n—3))" and (n+3, f(n+3))7, dD/ is identical
to Sp:={xeR?: 2y = f(21)},

e outside this section, D/ is continued by two half circles with radius p,

e 0D/ is closed by a straight line connecting the two half circles.
The domain DY is thus a bounded, simply connected domain of class C' LI Moreover,
there are constants g, d and M only dependent on ¢, M and p such that D C

D, osur for all n € Z and all f € By . Also, between (n — 2, f(n — 2)) and
(n+2, f(n+2)), dD; is identical to S;.
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| | ! ;
3 ! n‘—l 7‘L n+1 ! n%‘—?) Ty
. SUPD X[n—1,n+1] 1

Figure 3.2: Construction of the domain D/

As SuppXjn—1n+1 CC (n —2,n + 2) we can define the density ¢ € [BC(0DY)]* by

X[n—1,n+1] (371) ¢(X), X € 8D£ N Sf,
U(x) = :
0 otherwise.
Then
V0= [ Tey) uly)dsty)
oD},
An application of Theorem 3.6 (a) now completes the proof. [

The two previous lemmas are the building blocks for the proof of the next theorem
in which the regularity results for the elastic single layer potential on a rough surface
are stated. In its formulation, and also in the subsequent arguments in this chapter,
let a superscript denote T vector fields defined in € and a superscript ~ denote
vector fields defined in Uy, \ Q.

Theorem 3.11 Assume f € By m-
(a) For ¢ € [BC(Sy)]? and o € (0,1), there holds vy € [V**(U,)]* and

IVlloasvnom < Clldllosssy

where the constant C' depends only on o, ¢, M, h and H.
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(b) For ¢ € [C™(Sy)]?, a € (0,1), the first order derivatives of v in Qf and
in Uy \ Qf have C%%-extensions to Qy and Uy, \ Q respectively. Furthermore,
there holds

IV llavnas Vil aanos < Cll¢lloas,,

where the constant C' depends only on o, ¢, M, h and H. For i = p(p+
AN)/Bu+A) and A= 2+ X)(w+ N)/(Bu+ ), there holds

Pvi(x) = 5000 + | T (xy) o) dsly). x5,
Sy

where the integral exists as an improper integral.

(¢) For ¢ € [BC(Sy))? and a € (0,1), there holds
[ Toaty) oty dsty) e Co (s,

where the integral exists as an improper integral. Furthermore,

< Clolloossy

U,Dz;Sf

/S ol y) o(y) ds(y)

where the constant C depends only on o, ¢, M and h.

Proof: We immediately conclude from Lemmas 3.9 and 3.10 that vy € C'(Uj) and
that

1V #lloostam < Clléllooss, (3.11)

where the constant C' only depends on «, ¢, M, h and H. For x, y € U, \ Uy, there
either exists n € Z with x, y € V,, or |x —y| > 1. In the second case, we trivially
obtain from (3.11) that

V(%) = vi(¥)] < Clldllocss, Ix = yI*

In the first case, however, the same estimate follows from Lemmas 3.9 and 3.10.
This concludes the proof of part (a).

As the kernel function in the definition of V{n is infinitely smooth, we can exchange
the order of integration and differentiation. Thus, in a way directly analogous to
the proof of Lemma 3.9 we obtain the same estimate for any first derivative of V{m.
To see (b), we now proceed as in the proof of Lemma 3.10, only applying Theorem

3.6 (b), and use the same arguments as for part (a).
Part (c) is an immediate consequence of part (a). ]

The same arguments as for Theorem 3.11 can be applied to prove regularity for the
double-layer potential. We only have to employ Theorem 3.7 to obtain the following
theorem.
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Theorem 3.12 Assume f € By ..

(a) For ¢ € [BO(SP)?, i = p(p+X2)/Bu+X) and X = (2u+A)(u+ 1)/ (Bu+A),
the double layer potential ij in Qp and in Uy \ Qf has continuous extensions
to Q¢ and Uy \ Qf respectively. Furthermore, there holds

||WJ:||OO;U;L\Qf7 ||W}F||oo;9_f < C[@]locss;

where the constant C' depends only on ¢, M, h and H, and

Wi = 5000+ [ M e y)ol)dsly) xS,

where the integral exists as an improper integral.

(b) For ¢ € [BO(Sy)P?, i = pu(pu+X)/(Bu+A), A= (2p+A)(n+A)/(Bu+A) and
a € (0,1), there holds

| My o) dsty) €SO =12,
Sy
where the integral exists as an improper integral. Furthermore,

S C ||¢||OO;Sa .] = ]-727
0,055

/S 13, y) o(y) ds(y)

where the constant C' depends only on «, ¢, M and h.

For certain arguments, it will also be necessary to study the elastic layer potentials
in the Sobolev space [H. (U)]?. Making use of Remark 3.8 and using similar
arguments as in Lemmas 3.9 and 3.10, we obtain the following result:

Remark 3.13 Assume ji = pu(u+ \)/Bp+N) and X = 2+ N)(u+ \)/(Bu + )
and ¢ € [H}*(S)]2. Then there holds v, w € [HL (U, \ S))2.

loc



Chapter 4

Radiation Conditions and
Uniqueness

In this chapter, the rough surface scattering problem will be formulated mathemati-
cally as a boundary value problem in the domain 2. To ensure well-posedness of this
boundary value problem, a radiation condition has to be included in the formula-
tion. We will thus begin by investigating some of the radiation conditions that have
been used in elastic wave scattering problems. We then proceed to define a new
radiation condition, termed the upward propagating radiation condition (UPRC)
and analyse its properties, in particular how it generalises some of the more conven-
tional conditions. We will then present the formulation of the scattering problem as
a boundary value problem and, eventually, prove that this problem admits at most
one solution.

4.1 Radiation Conditions for Elastic Waves

From the perspective of physics, it is clear that the scattered field ought to be
made up of waves travelling along or away from the scattering obstacle. When
formulating the problem as a boundary value problem, uniqueness of solution can
only be ensured if a mathematical characterisation of such fields is included in the
formulation. Such a characterisation is termed a radiation condition.

Probably the best known radiation condition in scattering theory was that intro-
duced by A. SOMMERFELD in his Habilitation thesis [44] in 1896. A modern pre-
sentation of this condition and its role for scattering problems involving bounded
obstacles is given by CoLTON/KRESS [23]. The formulation of Sommerfeld’s radi-
ation condition for the elastic wave case is due to KUPRADZE [35], and a modern
version of this formulation is given here:
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Definition 4.1 Let D C R? be a bounded domain. A solution u € [C*(R*\ D)]?
to the Nawvier equation in the exterior of D is said to satisfy Kupradze’s radiation
condition if

ou,
or

Ou,

or

—ikyu, = o(r~'/?) and — iksu, = o(r/?) (4.1)

uniformly in x/r as r = |x| — oo.

In the case of scattering problems involving an effectively unbounded scatterer, it
is not clear that (4.1) necessarily implies a specific decay rate for u(x) as |x| — oo.
Thus, for scattering problems of this type, we introduce the following notion of a
radiating wave:

Definition 4.2 Let H € R. A solution u € [C*(Uy)]? to the Navier equation is
said to be radiating if

B ou . _
u, = O(r 1/2)7 8—7"p — ikyu, = o(r 1/2)
and p
Us = O(T_I/Q)a 81;8 - Z'kjsus = O(T_I/Q)

uniformly in x/r for x € Uy as r := |x| — o0.

Remark 4.3 A vector field satisfying Kupradze’s radiation condition in the sense
of Definition 4.1 for some D C R? is also radiating in the sense of Definition 4.2
for any H such that DNUyx =0 (see, e.g., formula (5.63) in [23]).

As is to be expected, I' also satisfies Kupradze’s radiation condition:

Theorem 4.4 The columns of the matriz functions T'(-,y) and I?(-,y) as well as
the rows of I'(x, ) and IM(x, ), x, y € R?, satisfy Kupradze’s radiation condition.

Proof: For I', the assertion is proved as in [35] for the three dimensional case.
For IIM, TI®| it can be seen by an application of Lemma 2.5 together with the
corresponding result for I'. n

In Section 2.4 when deriving the matrix of fundamental solutions I'p 5, it was for-
mulated as a requirement that the columns of the matrix function U represent wave
fields propagating away from Tj,. We will now make this statement mathematically
precise, by showing they represent radiating solutions to the Navier equation:
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Theorem 4.5 For x, y € Uy, and H > max{xs, 42}, the columns of the matrix
function U'p (-, y) and the rows of the matriz function I'p n(x,-) are radiating solu-
tions to the Navier equation in Uy.

Proof: As I' is symmetric, the assertion for the first two terms in (2.22) is proved
in Theorem 4.4 together with Remark 4.3. Thus, it suffices to show the assertion
for U.

Observe that the terms in (2.27) involving M, represent the longitudinal and the
terms involving M, the transversal part of U; these will be denoted by U® and
U®), respectively. For fixed y, an entry Uﬁ)(-,y), 7,k = 1,2, satisfies the scalar
Helmholtz equation

A, U (2,y) + B2 U (2,y) =0, z€U,
and the boundary condition
U§Q)<Z7Y) = g(Z) = _ij(Z7Y) + ij(za y;z) - UEZ)<Z>Y)7 VAS Th'

From (2.27) we see, using arguments presented in [11], that US’Z) satisfies the upward
propagating radiation condition of [11,19], given here as Definition 4.8 and, more
precisely, that

oy . .
U (z,y)=2 | ——(2.2)9(z)ds(z), zeUy,

Ty, 822

where ®(z,z) = i/4 Hél)(kp\z — Z|). Reviewing the proof of Theorem 2.13, we see
that g(z) = O(|z1|7?) as |z1] — co. We can thus use the argument presented
in [14, Section 5] to conclude

[UP (2,y)| < C(1+ 25— h)(1+ 7))/

and
(p)
out
or
where the derivative can be taken with respect to either z or y. The same argument

can be applied to U(S)(-,y) and the proof is now completed by recalling Lemma
2.15. n

(2,y) — ik, UP(z,y) = o(r™'/?),

Corollary 4.6 Forx,y € Uy, H > max{xs,ys}, the columns of Hg?h(-,y) and the

rows of Hg?h(x, -) are radiating solutions to the Navier equation in Uy.
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Proof: A direct consequence of the previous theorem by application of Lemma 2.5.
]

Much attention has also been paid to the special case of scattering by a periodic
surface, i.e. a diffraction grating. In this case, one usually imposes a radiation
condition using the Rayleigh expansion [5,27,36,37].

Definition 4.7 Assume f to be 2m-periodic. Then u € BC(Q) is said to satisfy
the Rayleigh expansion radiation condition (RERC) if, for xo > max f it has an
expansion of the form

) = 3 {7 Je e g (7 et

ne”Z

where « € R, a # 0, upp, usn € C M€ Z), vy :=a+n,

2 T 2 2 2 2

g, = Vkz—ai, an <k N VE2—a2, o <k
n T . 2 P 2 2 9 n - . 2 2 2 2
iag — ki, an >k ivai — k2, o > k2

A field u satisfying the RERC is quasi-periodic with phase-shift o in Upax s and
thus also, by analytic continuation, in ), that is, for all x = (x1,7)" € Q,

a2

u(xy + 2m, x9) = " u(zy, x9).

As a periodic surface is a special case of a rough surface, the problem of scattering
by a diffraction grating can be seen as a special case of the problem of scattering by
a rough surface. The radiation condition that will be introduced subsequently for
scattering problems involving a rough surface will thus have to be satisfied by vector
fields satisfing the RERC as well as by radiating fields in the sense of Definition 4.2.
It will be shown that this is indeed the case.

4.2 A New Radiation Condition for Scattering by
Rough Surfaces

We will start this section with a brief review of some results for the scalar case. In
this case, the governing equation is the Helmholtz equation,

Au+k*u=0.
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Its free field Green’s function is
7
(x,y) = 3 H(k[x —y)).

There has been considerable progress on such scalar wave scattering problems in-
volving rough surfaces and inhomogeneous layers [11,15,19-21,48]. The foundation
of much of these results is a new radiation condition, termed the upward propagating
radiation condition:

Definition 4.8 A solution u : G — C to the Helmholtz equation in G C R? is said
to satisfy the upwards propagating radiation condition (UPRC), if, for some H € R
and ¢ € L>®(Ty), Uy C G and

0P

u(x) = 2 / G Y) ) dsly).  x < Un

For the elastic wave case, a similar approach will be adopted. For the definition of
a UPRC, we will employ the matrix of fundamental solutions I'p p:

Definition 4.9 A solution u : G — C? to the Navier equation (2.4) in G C R?
is said to satisfy the upward propagating radiation condition (UPRC), if, for some
HeR and ¢ € [L®(Ty)]?, Uy C G and

u(x) = / 12, (x,y) 6(y) ds(y),  x € Us. (4.2)

Remark 4.10 Note that from Theorem 2.16 (a) it follows that for arbitrary ¢ €
[LO"(Th)]2 the integral in (4.2) exists as an improper integral.

Remark 4.11 Apparently the definition of the upward propagating radiation con-
dition depends on the choice of the parameters \ and it in the definition of the
generalised stresses. However, Theorem 4.12 below shows that the definition and the
density ¢ itself are in fact independent of these numbers.

The following theorem characterises the UPRC further and also establishes, through
the equivalence of (a) and (c), that it is satisfied by any radiating solution (c.f. the
charactarisation of the scalar UPRC in [19, Theorem 2.9]):

Theorem 4.12 Given a € R and u : U, — C?, the following statements are equiv-
alent:
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(a) u e [C2(U,)]?, ue LU, \ Uy for all H> a, A*u+w?u =0 in U,, and
u satisfies the UPRC in U,.

(b) u e [C2U)), u e [L2U, \Up))? for all H> a, A*u+w?u=0 in U,, and
for some H > a and ¢1, ¢o € L=(Ty),

u(x) = 2grad / %<x, ¥) 61(y) ds(y) + 2 grad* / ‘%(x, ¥) da(y) ds(y)

Ty Ty

for all x € Uy where ®, and @, denote the fundamental solutions for the
Helmholtz equation with k replaced by k, and ks, respectively.

(c) ue LU, \Uy)) for all H > a and there exists a sequence (0, of radiating
solutions such that u,(x) — u(x) uniformly on compact subsets of U, and

sup lu, (x)| < o0 (4.3)
XGUH\Uh/,HEN

for all H, 1 € R satisfying h' > H > a.
(d) u satisfies (4.2) for H = a and some ¢ € [L>(T,)]’.

(e) u e [L®(U, \ Uy)]® for some H > a and u satisfies (4.2) for each H > a with
¢ = U‘TH.
(f) u e [CXUL)?, ue [L®U,\ Up))? for all H> a, A*u+w?u =0 in U,, and

for every H > a and radiating solution in U,, w, such that the restrictions of
w and Pw to Ty are in [L*(Ty)]*, there holds

/ (u-Pw—w-Pu)ds =0. (4.4)

Proof: (a) = (b): With H chosen so that (4.2) holds, we introduce the functions

Upi(xy) = —gdivelpy (6 y) 1
Tor(xy) = —p divy 15, (x,y) o
and rewrite u(x) for x € Uy as
ux) = uy(x)+ us( )
= grad Z‘l’p,k(& y) ox(y) ds(y)
To =1

+grad [ Zwskxym y) ds(y). (45)
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Limiting our attention to the first integral for the moment, we define

vy(x) = /T Z‘Ppkxy or(y) ds(y),

v(x) = /T Z\I/p,k(X=Y)¢k<y)dS<Y)'

k=1

For H' > H, the vector fields vy are solutions to the Helmholtz equation A vy +
k}gVN = 0 in Ugs. By Corollary 4.6 and one applications of Lemma 2.5 we see that
they are furthermore radiating in Ug. By Theorem 2.13 together with Lemma 2.5,
there also holds vy (x) — v(x) uniformly on compact subsets of Uy,. For h' > H',
by Remark 2.17, we finally see that

sup Vi (x)| < 0.
xeUy/\Up,neN
So by Theorem 2.1 in [19], v satisfies the UPRC for the Helmholtz equation (see
Definition 4.8), which is the assertion. The argument for the second integral in (4.5)
is identical.

(b) = (c): Set Wy := —1/k>divu and ¥y := —1/k div-u. Then (b) implies, that
for all x € Uy there holds

09,

B = 2 [ GRey) ey dsty)

0%: (. y) da(y) ds(y).

Ty 0y

Uy(x) = 2

From the equivalence of (i) and (ii) in Theorem 2.9 in [19], it follows that there exist
sequences (\Ifgn)) (7 = 1,2) of radiating solutions to the Helmholtz equation with
k = k, and k = k, respectively such that \Ilg-n) (x) — W¥;(x) uniformly on compact
subsets of U, and
sup |\Il§") (x)] < 00
x€Ug\Up,n€EN,j=1,2
for all A > a. Set
u,(x) := grad \I/§") (x) 4 grad™® \Ilgn) (x).

Lemma 2.5 then implies (4.3) and that u,(x) converges to u(x) uniformly on com-
pact subsets of U,.

(c) = (f): Suppose H > a and set D := Uy N Bg(0) for some R > H, where
Bgr(0) denotes the open ball with centre 0 and radius R. Further assume w to be

a radiating solution in U,, such that the restrictions of w and Pw to Ty are in
[LY(Ty)]?. Then

/ u, Pw—-—w-Pu,ds=0
D
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follows by the third generalised Betti formula (2.10). Letting R — oo and using the
fact that w and u,, are radiating solutions to the Navier equation, we conclude

/ u, - Pw —w-Pu,ds =0.
T

Taking the limit as n — oo, recalling (4.3) and using Lemma 2.5, we see that (4.4)
holds. The remaining assertion follows from Corollary 2.6.

(f) = (a),(e): It suffices to show that (4.2) holds for all H > a with ¢ = u|z,,.
Given H > a and x € Uy, choose h,A€R with i’ > x5 > H and A > |z1]. Set
B:={y € Uy \Up : |1n| < A}. Then, by Theorem 2.16 (e),

a6 = [ {Toulx.y) Puty) = (xy) uly) fas(y)

Letting A — oo and recalling u € [L>®(U, \ Uy/)]* as well as Theorems 2.10 and 4.5
as well as Theorem 2.16 (a), we obtain that

uG) = [ {Tonlxy) Puly) - 15y () uiy) fdsty)
o [ M0y uly) dsty),

By applying (4.4) with w equal to each of the rows of I'p y(x, -) in turn, the integral
over T}, is seen to vanish.

(e) = (d): Introducing, for o € R, the mapping
Na(2) = (21,22 + ),

we have from (e) that

u(x) = / N5 (%, -a(2) (ne—a(2) ds(z),  x € Up. (4.6)

As u € [L=(U,\ Uy) N C(U,)) for some H > a, the densities u(ny_o(-)) are all
in some ball in [L°°(T,)]* for H close enough to a. Recalling that the unit ball in
[L>=(T,)]? is weak* sequentially compact, there thus exists a sequence (H,) with
H, — a and u(ng,_.(-)) — ¢ € [L=(T,)]>. Taking the limit as H — a, through
this sequence in (4.6) we now conclude that (4.2) holds for H = a with this ¢.

(d) = (c): As (4.2) is satisfied with h = a, it follows from Theorem 2.16 (a) that

lux)| < [[¢llcg(w2),  x € Ua, (4.7)
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where g € C(R). Setting
u,(x) ::/ ( )Hg?a(x,y) o(y) ds(y), x € U,,
Ta(n

u € [L>(U, \ Up)]? for all h > a and (4.3) follow from (4.7). That u,(x) converges
to u(x) uniformly on compact subsets of U, and that u, is radiating, is also easily
seen from Theorem 2.16 (a). ]

Remark 4.13 From Remark 2.14 in [19] and the equivalence of statements (a) and
(b) in Theorem 4.12, it follows that any bounded solution to the Navier equation u
in ) that satisfies the UPRC in Q) and is quasi-periodic in ) also satisfies the RERC
of Definition 4.7. Conversely, applying the same results, a bounded, quasi-periodic
solution to the Navier equation in (), satisfying the RERC, also satisfies the UPRC.

It remains to be shown that the elastic single- and double-layer potentials v defined
by (3.1) and w defined by (3.2) satisfy the UPRC. To this end, assume f € C(R),
¢ € [BC(S)]? and introduce the vector fields vy and wy, N € N, by

VN(X) = /S(N) FD,h<X7 y) ¢(Y) ds(y),

x € ().
e — / 12, (x,v) 6(y) ds(y),
S(N)

As Sy is a bounded set, applications of Theorem 4.5 and Corollary 4.6 now yield that
vy and wy are radiating solutions to the Navier equation in the sense of Definition
4.2 for any H > sup f. From Theorems 2.13 and 2.16 (a), the sequences (v (x)) and
(wn(x)) converge to v(x) and w(x), x € €2, respectively, and this convergence is
uniform on compact subsets of U, for any a > sup f. We can finally apply Theorem

3.11 (a) and Theorem 3.12 (a) to see that (4.3) holds with @ > sup f. Thus, the
equivalence of (a) and (c) in Theorem 4.12 yields the following result:

Theorem 4.14 Assume f € CYY(R). Then, the elastic single-layer potential v and
the elastic double-layer potential w satisfy the UPRC.

4.3 Formulation as a Boundary Value Problem
and Uniqueness of Solution

Recall the formulation of the rough surface scattering problem from Section 1.1:
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Scattering Problem: Given an incident field u™® that is a solution to the
Navier equation (2.4) in €, find the scattered field u such that u*“+u =
Oon S.

We will now formulate this scattering problem as a boundary value problem. In
fact, the assumptions can be formulated slightly more generally: we only require
that u™* is a solution to the Navier equation in some neighborhood of S = 99 and
that g := —ui"|g € [BC(S) N H/2(S)].

loc

Problem 4.15 Find a vector field u € [C?(2) N C(Q) N H} (Q)]? that satisfies

1. the Navier equation A*u + w?u =0 in Q,

2. the Dirichlet boundary condition u = g on S for some wvector field g €
[BO(S) N Hy, (S),

loc

3. the vertical growth rate condition

sup =5 [u(x)| < co (4.8)
xeN

for some 3 € R and

4. the UPRC in S2.

Remark 4.16 A solution of Problem /.15 satisfies statement (a) of Theorem /.12
with any a > sup f.

The remaining part of this chapter will be devoted to proving that Problem 4.15 has
at most one solution. The question of existence of solution will be postponed until
Chapter 5. However, it is worth pointing out at this stage, that it is clear a priori
that Problem 4.15 is well posed in certain, non-trivial cases: From Remark 4.13 we
see that, in the case when f is periodic and the Dirichlet data g is quasi-periodic,
Problem 4.15 reduces to the diffraction grating problem considered in [4,5], if we
assume additionally that the solution u is quasi-periodic. The diffraction grating
problem was shown in [4,5] to be uniquely solvable. Thus we know that Problem
4.15 admits solutions, in the case when f is periodic and g quasi-periodic.

Let us also point out that, as we will now proceed to show that Problem 4.15 has
at most one solution in every case, we will in fact prove for the diffraction grating
problem that the additional requirement that the solution be quasi-periodic can be
dropped.

In all of what follows, let h denote a real number with h < inf f. The first step in
the uniqueness proof will be the following representation theorem:
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Theorem 4.17 Let u be a solution to Problem 4.15 with g = 0. Thenu € [C'(Q)]?,
its first derivatives are bounded in Dy for any H > sup f and

u(x) = —/SFDJL(X7 y) Pu(y) ds(y)

holds for all x € 2.

Proof: That u € [C*(Q)]? and its first derivatives are bounded in Dy, H > sup f,
is a consequence of Theorem 2.7. For x € ), choose h/,A € R and ¢ > 0 with
h' > max{xy,sup f} and A > |z;|. Define D2, = {x € Dp(A) : z, > f(x1) +¢}.
Then, by Theorem 2.16 (e), there holds

u(x) = /a " {Fp,h(x, y)Puly) — 13, (x,y) ‘1(}’)} ds(y).

By applying Theorem 2.7, we see that the growth rate condition (4.8) for u also
holds for any first derivative of u. Letting A — oo and recalling Theorems 2.13 and
2.16 (a) then yields

u(x) = /T /{FD,h(XvY)Pu<Y)_Hg,)h(an)u<Y)}d3(Y)

- / {Tonx,y) Puly) - I, (x,y) u(y) } ds(y).

£

where S. = {x € Q : 9 = f(z1) + £}. Note here, that the normal n to S. is
assumed to be pointing upwards. The proof is now completed by recalling Remark
4.16 and the equivalence of (a) and (f) in Theorem 4.12, by which the integral over
T}, vanishes, and letting € — 0. [

Let us now introduce some functionals that will be of importance in the following
arguments. Let ' > sup f, A > 0 and u € C'(2). We define

2

I(K,A)u] = / (21 4+ \) Oup ™ |y i

’ ' T,/ (A) K 81’2 8;1:1

aul 2 8u2 2 2 2
—HL(a—xQ _8—131 + w?lul” ds,

, ou

Ji(h',A)u] = 2Re / — - Puds,
y(h,A) 81’2
Jo(h', A)u] = Im u - Puds,
V(W A)

K1, A)u] = Im u - Puds,
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where we recall the assumptions on the direction of the normal vectors in Section
1.3. We will now investigate the properties of these functionals.

Lemma 4.18 Suppose u satisfies statement (b) in Theorem 4.12 with H > sup f
and some densities ¢p; € L*(Ty) N L=(Ty) (j = 1,2). Then, for all ' > H, there

holds
kp ks
ool =228 [ ipzans [laza,
7kp —ks

where &1 (t) == e WHG (1), do(t) := e Hy(t) and ngSj denotes the Fourier trans-
form of ¢;(y1,ya) with respect to yy (j =1,2), i.e.

¢;(t) = /_ ¢ (y1,y2) € dy;.

Proof: Choose H > sup f so that the representation for u in Uy according to state-
ment (b) of Theorem 4.12 holds. Then the argument presented for the derivation
of equation (29) in [11] yields

u(x) L / le (t) ( t )ei(ta:1+’ypar2) + QNSQ(t) (75 ) ei(t$1+%x2) dt, x € UH

T o oo Tp -t

By an application of Parseval’s Theorem we derive from this representation, for any
h > H,

/ |u1\2ds = / ’t(;l + ")/sggg‘Zdt,
Ty —00

/|u2\2d8 I/ Iyp1 — to|dt,
Ty —0o0

8 2 e ~ ~
/ wl” g — / (261 + ity 2dt,
i i

O,

h o0
8ul ? * . 7 .27 12
Do ds = |itypd1 + 17 P2|“dt,
Ty T2 —o0
Ous |? o . -
/ T2 s = / lity,f1 — it2Gn|2dt,
T, 85131 —00

Ous |? - L~
/ 2 ds = / |l’712)¢1 — Zt75¢2|2dt.
T, —00

Oy
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From these formulae, the following three identities are easily obtained:

[ Aty s = [T IGE @+ ) + 618 - 1)

o1 do (tys — t9p) + 62)” (|7s)* + 12) dt,(4.9)
Ougy 2 oy 2 * 50,4 4 7T 2—— 3—
-\ om + Ere ds = 3 0117 (7, — 7)) + @1 2 (17,77 — t°75)
+a QEQ (_th;'Ys - ts'ys) dta (410)
au1 2 aUQ 2 *® . = 2 3— =7 — 2 33—
; O + Er ds = G1 B2 (typys + 177p) + é1 b2 (1775 — t77p)
1% -

ol (77 — 1Y) dt. (4.11)

Combining (4.9)-(4.11) and observing k> — > 4 |y,[* = 0 for [t| > k, as well as
k2 — 2 + |vs|*> = 0 for |t| > k, now yields the assertion. =

Lemma 4.19 Suppose all the assumptions of Lemma 4.18 are satisfied. Then, for
all ' > H, we have the identity

kp ks
K(h/7 OO)[U] = w? {/ ‘¢1’27p dt +/ ‘¢2’275 dt} :

kp ks

Proof: Recalling the remarks at the beginning of the proof of Lemma 4.18 and
adopting the same notation, we easily see that

/ uePuds = / {1612 Gut2y, + ity + M, + (24 + N)572)
Th’ —00
+ G1 0o (ipity, Vs + ity Ts — IMD — (20 + A\)ty?)
+ G1 0o (iputy? — ifit* + iINY s — i(2p + A7)

o 1Gal (9255 — s — N + (20 + N)E2) | .
(4.12)

Taking the imaginary part, straightforward calculations show that all the terms
involving leqgg and its complex conjugate cancel. On the other hand,

" / (112 (it + ity + b, + (2 + A77,7;) dt
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N —

= / |61 2 (it + pt®7y + fit*y, + fit*y,

FNT, 4+ My, 4 (204 N2 + (20 + M) dt

= / 20+ N) |61 * (B + 5 + 127, + Ty dt

—00

N | —

kp 5
_ / (201 + A2 | |2 dt

7kp

A similar calculation for the remaining term in the expression (4.12) now yields the
lemma. [

The following corollary to the previous two lemmas is of fundamental importance:

Corollary 4.20 Suppose all the assumptions of Lemma 4.18 are satisfied. Then,
for all h' > H, there holds

I(I, 00)[u] < 2k, K (I, 00)[u].

Proof: The assertion follows from Lemmas 4.18 and 4.19 by noting k, > =, on
[—kp, kpl, ks > s on [—ks, ks] and kg > k. n

Another, simpler relation involving these functionals which is much easier to prove
is stated in the following lemma:

Lemma 4.21 Let u be a solution to Problem 4.15 with g = 0. Further assume
B >max f and A > 0. Then

K1, A)u] = —Jo (K, A)[u].

Proof: Apply the third generalised Betti formula (2.10) to u and @ in Dy/(A4). =
Assume now that u is a solution to Problem 4.15 with g = 0. As u and its tangential

derivatives vanish on S, Pu has the simple form

Pu= ug—z + (A + p)ndivu on S, (4.13)

and thus

/ a_u -Puds = / e
5(4) 02 S(4)

2

u :
n + (A + p) ng |div u|2} ds (4.14)
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for any A > 0. In a similar fashion, we also show that

2
+ (A + p) |divu)? on S. (4.15)

ou
gﬂ,j\<u7 u) = ’8_n

Combining (4.14) and (4.15), we conclude by an integration by parts that

2

0 < / Ou
< pny | 5=
S(A) on
ou _ 20,12
= 2Re — - Puds — ne &, 5(0,u) — ngwul® ds
p) i,
5(4) 5(4)

T2

+ (A + p)ng|div u|2} ds

ou ou ou
= 2Re/ —-Puds—i-QRe/ E (=, u) —w'=— udx
S(A) 8m2 D, (A) “”\(8@ ) 33@2

—/ & x(u,u) — w?|ul* ds (4.16)
T (A)

On the other hand, for any A’ > sup f, by the first Betti formula (2.8) there also
holds

@-PudSZ/ 8ﬂ;(a—u,u)—w28—u-udx. (4.17)
oD, (4) 0%2 D, (a) 1 Oxy 0y

It is also not difficult to see that

Re/
T

h

ou _ /
{287 - Pu +w2‘u‘2 o gﬁ,j\(u7 u)} ds = I(h ’A>[u]’
1(A) 2

Combining this identity with (4.16) and (4.17), we conclude finally that

0
0< / T2 =
S(4)

2

n + (A + p)ng|div u|2} ds = I(W, A)[u] + Ji (W, A)[u]. (4.18)
n
The rest of the derivation of the uniqueness result is now a rather straightforward

adaption of the method presented in [20] for the Helmholtz equation case. Let us
introduce the vector fields v4 defined for A > 0 by

va(x) = — /S " pn(x,y) Puly) ds(y).

Using the Cauchy-Schwarz inequality and Theorem 2.13, we find that vl €
[L*(Ty) N BC(Ty)]? for all i/ > sup f. As v, is a radiating solution to the Navier
equation for every A € R, it is seen to satisfy statement (c) of Theorem 4.12 and
thus also statement (b) of that theorem. Thus, by Corollary 4.20,

I(h,00)[va] < 2ks K(N,00)[val. (4.19)
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Now set w(xq) := |Pu(xy, f(z1))| for z; € R. Then

A A
[ woPdn < [ PuPds< @£ [ )P s (@20
—-A 5(A) —A

follows. Using Theorem 2.13 and Lemma 2.5 we obtain the estimates

0 _ ,
Con Y 15 -Toatey)l <CU+ e —m) ™ (=1,2)

J

for x € Ty, y € S, where C' is some positive constant depending only on A’ and h.
This yields the estimates

va)l (52 < CWalz)
lu(x) —va(x)| < C(W(x1) — Wala1)) (4.21)
(%) = GAX)] < C(Walwr) = Walan))

for x € Ty, j = 1,2, with certain generic constants C', where

A
Wa(xy) = / (14 |z — y1|)’3/2w(y1) dyy, 1 € R.
—A

Recalling (4.13), we can estimate by (4.18)—(4.20) and Lemma 4.21

A
0
/ jw(ay)* dzy < C'/ {lmz -
—A S(A)

2

n + (A + p)ng|div u]2} ds

IN

{1, A)fu] = (1, A)lva]
(W, A)[val = I(W, 00)[vall
12k, [|K(h’, o0)[va] = K (I, A)[v4]|
K, A)val = K, A)ul]|

I, A)ful] + 2k, B, A)u]|}.
From (4.21), there now follows, with some positive constant C,

|I(h/’A)[VA] B I(h/7oo)[VA|7 } < C/ W2(Z)31)d1'1
K (R, 00)[val = K(W, A)vall [~ Jwasy

and

I(h, A)[u] — I(K, A)[v4ll, A
(W, A)[a] = I, A)[va]| }SC / (W (1) — Wa(a1)) W (1) ds,

[K (R, A)[va] = K (1, A)[ull —A
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so that we finally conclude, for some constant ¢ > 0 and all A > 0,

A
/ \w(xl)IQ dr; < c{/ Wj(wl)dxl
—A R\[-A4,A]

"‘/ (Wee(@1) = Wa(z1)) Weo (1) day

—A

+|J1 (R, A)[u]| + |J2(h’,A)[u]|}. (4.22)

Since (4.22) holds and we also have from Theorem 2.7 that w € L*(R), we can
apply Lemma A in [20] to obtain that w € L?(R) and, noting (4.20), that for all
AO > 0,

(L4 [ Po) 2 / PuPds < / w(an)P day

o0

< ¢ suE‘) {| (W, A)[u]| + | J2(B, A)[u]}].(4.23)

o A>Ap

For x € Dy, with |z;| > 0, we now deduce by Theorem 2.13, Theorem 4.17 and the
Cauchy-Schwarz inequality, that

oo < 2 | o Foatxy Puty) ds<y>}2

+2 {/sum/z) ITpu(x,y) Pu(y)| dS(Y)}2

—2
cl/ Puf2ds + C, (M) ,
S\S(|z11/2) 2

Cy =16 sup max |p (X, y)]?ds(y) < oo
xeD,, J g 3:k=1,2

IN

where

by Remark 2.14 and
Ca = 32| HIIE o nr—nz) (1 + [1f lloom) ' [Pl z2gsye-

Thus, u(x) — 0 as |r;| — oo (x € D), uniformly in z,. From Lemma 2.5
and Theorem 2.7 it now follows that J;(A)ju] — 0 as A — oo (j = 1,2), and
consequently, by (4.23), that Pu = 0 on S. Recalling once more Theorem 4.17, we
conclude u =0 in Q.

We have thus shown the following central theorem:

Theorem 4.22 Let u and v be solutions of Problem 4.15 with the same Dirichlet
data g. Then u=v in (.
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Chapter 5

Existence of Solution

Existence of solution will be proved by the boundary integral equation method,
a well-established method to prove existence of solution for scattering problems.
As a first step, an equivalent integral equation formulation of Problem 4.15 will
be derived. However, as the integral operators in this equation are not compact,
surjectivity cannot be deduced from injectivity by the Fredholm Alternative, as
would be the usual approach in scattering by bounded obstacles. A new theory of
solvability of integral equations on unbounded domains will be presented that allows
this deduction for problems of scattering by infinite rough surfaces. This theory is
used to establish solvability in [BC(R)]?, first for the adjoint equation and then,
through a duality argument, for the orginal equation. As a final result, it is shown
how it is possible to establish solvability in all [LP(R)]? spaces.

5.1 An Integral Equation Formulation

The first stepping stone in the existence proof will be an equivalent integral equation
formulation of Problem 4.15. To derive this equation, we will seek a solution to
Problem 4.15 in the form of a combined single- and double layer potential,

u(x) = / {03,0cy) = inToslxy) oy dsty),  xe  (5.1)

where 1 € [BC(S)NH,/?(S)]? and 7 is a complex number with Re (1) > 0. Through-

loc

out, we assume ji = o (pn+A)/(3u+A) and A = (24 A)(u+ ) /(3 + ) and that
f e CHY(R).

From Theorem 3.1 we know that u is a solution to the Navier equation in 2 and
in Uy, \ Q. Note also Remark 3.13 to see u € [H. (©2)]>. Furthermore, it satisfies

loc
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the UPRC by Theorem 4.14. A review of the derivation of Theorem 2.13 further
reveals that the function H in this theorem satisfies H(z2,y2) = O(x2) as x9 — 00,

uniformly for bounded y,. Therefore, the growth condition (4.8) can be seen to hold
with § = —1/2.

Thus, from the jump relations for elastic single- and double-layer potentials stated
in Theorems 3.11 and 3.12 and the boundary condition, it follows that u is a solution
to the boundary value problem if v is a solution to the integral equation

%¢(x)+/5{ﬂg?h(x,3’)—inFD,h(X,y)}w(Y) ds(y) = —g(x), x€5 (52

It suffices to study the solvability of this integral equation in the space [BC(9)]?,
as it follows from Theorems 3.11 (c) and 3.12 (b) that the integral operator maps

[BC(S)]? into [H,/*(S)]2. Thus, for any right hand side g € [BC(S) N Hy/2(S)]%,

loc loc
the solution has to be an element of this space as well.

We now introduce the three integral operators Sy, Dy and D} by

S;o(s) = 2 / T Tonl(s, F0 (6 £ 68 VIT PR, (5.3)

o0

D;o(s) = 2 / ) 115 (s, £(5)), (£, F(0) () V1 + F(0)2dt,  (5.4)
D) ¢(s) = 2 / ) 112 (s, £(5)), (£, F(1) o) 1+ F(£)2dt,  (5.5)

o0

where s € R and ¢ € [L®(R)]?>. From Theorem 3.11 (¢) and Theorem 3.12 (b),
we know that each of these operators are bounded mappings of [BC(R)]* into
[CY*(R)]?. Furthermore, setting ¢(s) = (s, f(s)), the integral equation (5.2) is
equivalent to

(I1+D;—inSy)ols) = ~2g(s, f(s)), seR (5.6)

We explore the properties of these three integral operators more thoroughly in the
following lemmas:

Lemma 5.1 Let K denote any of the integral operators Sy, Dy or D’ and K(s, 1)
the corresponding matriz kernel, such that K¢(s) = [72 K(s,t) ¢(t) dt.
(a) There exists a function k € L'(R) such that

max [Kj(s,t)] < k(s —1) for almost all s,t € R,
Jr=1,

where k = O(|s|7%/2) as |s| — oo.
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(b) The matriz kernel K of K satisfies the properties

sup/ 1Kk (s,t)| dt < oo, g k=12, (5.7)
seR J —co
and, for all s, s’ € R,

i [ K5, 6~ Kl Olde =0, jk=12 (53

(¢) K is a bounded mapping from [L>°(R)]?* to [BC(R)]2.
(d) K is a bounded mapping from [LP(R)]? to [LP(R)]? for any p € [1,00).

Proof: For s, t € R, let x = (s, f(s)), y = (¢, f(¢)). Then, by (2.14) and Theorems
2.10 and 2.13, for € > 0, j, k = 1,2, there exists a constant C' > 0 and H € C(R?)
such that
C(l+loglx—yl), |s—t[<e,

I'ppin(x, < _ _

=
The same estimate is valid for the fundamental matrices H(Dl?h and Hg?h by Theorem
2.16 and Remark 3.4. Thus (a) follows immediately.

Property (5.7) is a simple consequence of (a) while property (5.8) follows from the
dominated convergence theorem. (5.7) and (5.8) together imply statement (c).

Statement (d) follows from (a) using Young’s Theorem. ]

Lemma 5.2 The operator Sy is self-adjoint and the operators Dy and D’f are
adjoint with respect to the non-degenerate duality < -,- > defined on [LP(R)]* X

LAR)P, by )
<¢w>:[_w@¢@hﬂ+f@wa (5.9)

where either 1 < p,q < oo with 1/p+1/¢g=1 orp=1 and ¢ = cc.

Proof: The assertion follows from Lemma 5.1 (d) as well as Lemma 2.15 and
Theorem 2.16 (b). ]

As the operators Sy and Dy are not compact on any suitable space, the Fredholm
Alternative is not available as a tool to deduce surjectivity of I + Dy —inS; from
injectivity. We will nevertheless present a theory in the subsequent sections that
allows this deduction.

However, it is also not straightforward to show injectivity of I + Dy —inSy. We
will therefore start by considering the adjoint operator:
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Theorem 5.3 The operator I + D'y — in Sy is injective on [L>(R)]?.

Proof: Because of Lemma 5.1 (c), any vector density ¢ € [L>°(R)]? in the kernel of
I + D’ —inSy has to be in [BC(R)]?. Tt is therefore enough to show injectivity on
this space.

Assume ¢ € [BC(R)]? to be a solution of
(I + D’f —iSy)p =0, (5.10)
and define the single layer potential u by

u(x) := /SFD,h(X, y) o(y1) ds(y) forx € Uy \ S,

where h € R with h < inf f. Let us introduce the notation u*t = u|g and u™ =
u|y,\q- From (5.10) and the mapping properties of Sy and D’ it follows that
¢ € [C%*(R)]%. Thus, from Theorem 3.11, we have that u~ and u™ have continuous
derivatives up to S and, moreover, that

lu™ e < Clidlloas, (5.11)
Pu —inu =0 on S, (5.12)
¢ =Pu —Pu’. (5.13)

Also, by the definition of I'p j,, there holds u™ = 0 on 7},. Thus, by an application
of the first generalised Betti formula,

1 I —
Re(n) / lu|?ds = ——,/ {u”-Pu—u -Pu}ds
S(A) 20 Js(a)
1 -
= — / {u"-Pu—u -Pu} ds, (5.14)
21 R(A)

where R(A) := {x € U, \ Q : |z;] = A}. Note that the right hand side of this
equation is bounded by (5.11), so u~ € [L?(S)]? follows by taking the limit as
A — oco. Consequently, (5.12) yields Pu™ € [L?(S)]? as well.

It is not difficult to see that
w0 = [ {Toatey)Pu(y) =T, (e y) w3 fds(y)

holds for all x € U, \ Q. Thus, by an argument very similar to that in the uniqueness
proof for the Dirichlet problem, it follows that [u™(x)| — 0 as |z;| — oo. Applying
this in (5.14) and taking the limit for A — oo, then yields u= =0 on S.

From the continuity of the elastic single-layer potential in Uy, there follows u™ = 0
on S and thus, by the uniqueness theorem for the Dirichlet problem, Pu® = 0 on
S. Also, (5.12) implies Pu™ = 0 on S. Thus, by (5.13), we conclude ¢ = 0. ]
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5.2 Solvability results for a class of operator equa-
tions

To deduce the surjectivity of the integral operators from their injectivity, we will now
present a solvability theory developed by CHANDLER-WILDE, ZHANG and ROSS
[10,17,22] which generalises the collectively compact operator theory of ANSELONE
[1]. The operator equation approach presented here is that used in [16].

Let X denote a Fréchet space with a countable family of semi-norms {| - |, } that
generates the topology on X. This topology shall be labelled 7. We define a subspace
Y of X by

Y= {9 € X:|9lloc := sup gl < oo}
ne
We note that || - ||« is @ norm on Y and that ¥ becomes a Banach space under this

norm. The corresponding topology shall be termed the norm topology.

Example 5.4 In the context of the application of this theory to the integral equa-
tion (5.6), we will use X = [C'(R)]* with

|6l = sup |(t)],

[t <n

so that Y = [BC'(R)]>.

On the space Y we now define a further topology as follows. Let Sy denote the
space of real sequences converging to 0,

So:={(a,) : a, € Ryn €N, lim a, = 0}.
For each a € Sy, we define a seminorm | - |, on Y by

|p]a = sup |an |-
neN

Clearly, the family of seminorms {| - |, : @ € Sp} is separating. Thus it induces a
locally convex topology on Y, which we will call the o-topology.

Remark 5.5 The o-topology is an abstraction of the strict topology introduced by
Buck in [9].

Remark 5.6 For (¢,) C Y, we write ¢, — ¢ if ||¢n — ¢|lec — 0 as n — o0, and
bn —= ¢ if (¢,) converges in the o-topology. It is easy to see that

o0 = [de=< sup [[&nllso- (5.15)
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The following theorem explores the properties of the o-topology and its relation to
the other two topologies.

Theorem 5.7

(a) The bounded sets in Y in the o-topology and in the norm topology are the
same.

(b) Y is complete in the o-topology.

(c) A sequence (¢,) CY is convergent in the o-topology if and only if it is con-
vergent in the T-topology and (¢,,) is bounded in the norm topology.

(d) The o-topology is either identical to the norm topology or it is not metrizable.

(e) If K:Y —Y is a linear operator and K is bounded in the o-topology then it
s also continuous in the norm topology.

Proof: Obviously any bounded set in the norm topology is bounded in the o-
topology. Assume B C Y to be bounded in the o-topology but not in the norm
topology. Then, there exists a sequence (¢,) C B and a sequence (a,) € Sy such
that |¢|, > a2 But then,

|an ¢|n Z T

— 00, n — 00,
|an]
which is a contradiction. Thus (a) follows.

Next, we prove (c). Let (¢,) C Y be convergent with limit ¢ € Y in the o-topology.
Then clearly, (¢,) is bounded in the o-topology and thus also bounded in the norm
topology by (a). If, for j € N, we choose a € Sy such that a; = 1, then there holds

0l < Wlay W EY. (5.16)

Thus ¢, — ¢ in the 7-topology as well. Conversely, assume (¢,) C Y to be
bounded in the norm topology and convergent to ¢ € X in the 7-topology. Let
M = sup,ey ||#nllco- Then, for every k € N there exists n(k) € N such that
¢ — Gnry | < M. Thus,

1Bl < ) — Iy li + | Pyl < 2M,

and consequently ¢ € Y. Therefore, now ¢, — ¢.

To prove (b), assume (¢,) C Y to be a Cauchy sequence in the o-topology. Then,
by (a), it is bounded in the norm topology and by (5.16), (¢,) is also a Cauchy
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sequence in X with respect to the T-topology and thus convergent. Therefore, (c)
now implies that (¢,) is convergent in the o-topology.

To prove (d), assume that the o-topology is metrizable. Then, by Baire’s Theorem
[43, Theorem 2.2], (Y,o) is of second category in itself and thus, by the Open
Mapping Theorem [43, Theorem 2.11], the mapping id : (Y, || |l«) — (Y, 0) is open.
But the o-topology is weaker than the norm topology so both must be identical.

By (a), an operator K bounded in the o-topology is also bounded in the norm
topology. As boundedness is equivalent to continuity on normed spaces, (e) follows.
]

Definition 5.8 A set B C Y is said to be relatively sequentially compact in the
o-topology if any sequence in B has a subsequence that is convergent in the o-
topology. A linear operator K is said to be relatively sequentially compact with
respect to (w.r.t.) the o-topology if for any bounded set B C'Y, K(B) is relatively
sequentially compact in the o-topology. A family IC of linear operators on'Y is said
to be collectively sequentially compact w.r.t. the o-topology if for any bounded set
B CY the set Uy K(B) is relatively sequentially compact in the o-topology.

In some of the subsequent arguments we will also make use of the following notion:

Definition 5.9 An operator L : Y — Y is said to be o-norm-continuous, if it is
continuous as an operator from (Y,o) to (Y, || -|)-

We also denote, as is usual, the set of Fredholm operators on a given topological
vector space V' by (V) .

The following Lemma, in a less general form, is due to HASELOH [32,33] and in the
proof we follow the original argument.

Lemma 5.10 Let K, L be sequentially compact w.r.t the o-topology and assume
additionally that L is o-norm-continuous.

(a) LK is compact.
(b) I — L e ®(Y) withind (I — L) = 0.

(c) I — K —Le®Y) if and only if I — K € ®(Y). If one of these statements
hold then the index of both operators is the same.
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Proof: To see (a), let (¢,) C Y be bounded. Then (K¢,) has a o-convergent
subsequence. The image of this subsequence under L is convergent in Y with respect
to the norm topology.

Next we prove (b). There holds (I + L)(I — L) = I — L? and L? is compact by
(a). Thus I — L € ®(Y) follows from standard operator theory. Moreover, the same
holds for I — aL. with any a € [0,1] and the indices of all these operators are the
same, and thus identical to ind I = 0.

To see (c), we suppose that I — K € &(Y). As(I-L)({-K)=1—-L—-K+ LK, we
have, by Atkinson’s Theorem and also because LK is compact and ind (I — L) = 0,
that  —L— K € ®(Y) with ind (] — L— K) = ind (I — K). Note that this argument
can be reversed. [

For some of the arguments developed later, it is also necessary to develop a notion
of the convergence of operators.

Definition 5.11 Assume K,, K to be linear operators in'Y, n € N. We will write
K, % K if
on — ¢ = K,p, — Ko.

Finally, let Z be a set of isometries on Y. Z will be said to be sufficient if, for some
J € N and for each ¢ € Y, there exists J € Z such that |J¢|; > (1/2) ||¢]] -

We have now collected all the building blocks necessary for the proof of a uniform
bound for the inverse of operators I — K with K in certain collectively sequentially
compact families of operators:

Theorem 5.12 Suppose that K C B(Y) is collectively sequentially compact with
respect to the o-topology and that for every sequence (K,) C K there exists a sub-
sequence (K,,)) and K € K such that K, > K. Further suppose that T is a
sufficient set of isometries on'Y and that for alln € N, K € K and J € T there
holds JKJ~' € K. Lastly, assume that I — K is injective for all K € K. Then,

sup |[(1 — K)_1|| < 00.
KeKk

Proof: Assume that the theorem is not true. Then there exists a sequence (¢,,) C Y
with ||én]lec = 1 and a sequence (K,,) C K with

(I = K3) énlloc — 0, n— .
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For some j € N and for each ¢,, there exists J, € Z such that |J, ¢,|; > 1/2.
Observing

( )an: (I ‘]KJ ) ngbm

we set K, = J K, J-1 and VYn = Jud, and can assume, by using approprlate
subsequences that there exist K € K and ¢ € Y such that K,, - K and K, —
1. Note that also ¢, — Kb, — 0. Thus,

¢n = 1/1 - (¢ - ann) - (ann - %)

and by taking limits in the o- topology it follows that 1, 25 4). Since K, - K,
it follows also that K,¢, —— K. We now conclude that ¢ — K1 = 0 and, as
K € K is injective, that ¢ = 0. On the other hand, |1,|; > 1/2 for all n, which is a
contradiction. [

The next theorem will establish conditions, additional to those in Theorem 5.12,
which will ensure that I — K is also surjective, so that (I — K)~! is a bounded
operator in Y for all K € K.

Theorem 5.13 Suppose that all the conditions of Theorem 5.12 are satisfied and
that, in addition, for every K € K, there exists a sequence (K,) C K such that
I — K, is bijective, n € N, and K,, —— K, then I — K is bijective for every K € K.

Proof: Let ¢ € Y and K € K. Then there exists (K,) C K with I — K, bijective
and K, - K. Set ¢, := (I — K,,)""9. As (¢,) is bounded, the sequence (K,,)
has a o-converging subsequence K, ¢, . Choose ¢ € Y such that

Knménm L)¢_¢7 m — OQ.

Then ¢, = K, ¢n, +1 —— ¢ and thus K, ¢, — K¢. Combining the limits
for K,, ¢, and for ¢, now yields ¢ — K¢ = 1. Thus I — K is surjective. n

5.3 Solvability in [BC(R))?

We will now tackle the task of applying the results of the preceding section to deduce
surjectivity from injectivity for the operators I + Dy —inSy and I + D’ —inSy.
To this end it is necessary to provide the framework in which to prove that the
assumptions of Theorems 5.12 and 5.13 are satisfied.

We recall Example 5.4 for the relevant definitions of X and the family of semi-norms
{I-]n}. We now introduce, for ¢ > h, M > 0, the set

BI,C,M = {f c Cl’l(R) . HfHLl?]R S M, HllIlf > C}
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and the families of operators

lCl = {Znsf_foEBl,c,M})
Ko = {inS;—D}: f€Bieum}

For notational purposes, we note that any integral operator Ky € K;, j = 1,2 can
be written in the form

K¢ ¢(s) := / K/(s,t) o(t)dt,
with some matrix kernel K;. This notation will be used throughout the following
arguments.

The following Corollary is a consequence of Lemma 5.1:

Corollary 5.14 Let Ky € K;, j = 1,2. Then Ky is continuous and sequentially
compact w.r.t. the o-topology.

Proof: The proof of the corollary is identical to that of [32, Theorem 1.2.1] and [33,
Satz 2.16]. If ¢, —— ¢, then (¢,) is bounded by, say, M and thus

A
K} (60— 0)(s)| < / K(s.8) (0u(t) = 6(O) dt + 4M [ (s 1)

[t|>A

for any s € R and A > 0, where £ is the function in Lemma 5.1 (a). Given ¢ > 0,
the second term on the right hand side can be made smaller than £/2 by choosing
A large enough, and, for fixed A, the first term will also be smaller then /2 for
5 in any compact set, for any n large enough. This shows that Ky is continuous
w.r.t. the o-topology.

That K7y is sequentially compact w.r.t. the o-topology follows from the fact that K
maps bounded sets into bounded, equicontinuous sets (see e.g. [2,41] for details). m

To formulate the subsequent Lemmas more concisely, we adopt the following nota-
tion for uniform convergence of sequences in BC(R) on finite intervals:

JRLIN { (f») bounded in BC(R),

|\ f — fulloor — 0 (n — o0) for any I CC R.

We now have all the necessary means to prove the assumptions made in the previous
section for the case of the operator families K;:

Lemma 5.15
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(a) For every sequence (f,) C By there exists a subsequence (fy,) and f €
By o such that fo, — f, fi = f'.

(b) Let (K;,) C Kj and Ky € Kj, j = 1,2, such that f, —— f, f, — f'. Then,
for any e > 0,

sup |Kfn7jk<87t> - Kf,jk(sat)| - 07 n — oo, ju k= 17 27
(s,t)eDe.

where D, :={(s,t) e D xR:e <|s—t| <1/e} and D CC R.

Proof: Statement (a) is proven in [15, Lemma 4.4 (i)]. Statement (b) follows from
the regularity of the fundamental matrices I'p 3, Hg?h, 7 =1,2, on the compact set

Qe = {(X7 Y) X = (Safn(s))uy = (tv fn(t))v (S7t) S Dafn € Bl,c,M}'

Lemma 5.16 Assume that (¢,) C [BC(R)]? is a bounded sequence and that there
is a sequence (Ky,) C K; and an operator K; € K;, j = 1,2 such that f, — f,
fr == f'. Then (Kj, — Kp)gn — 0.

Proof: Assume D CC R and s € D. Then

(05, = Koo < 2lnl{ max, [ Kpuls.t) = Knlo.)] e

e<|s—t|<1/e
+ max / K gels,0) — Ky (s, )] de .
7,k=1,2

|s—t|<e

or [s—t|>1/e

Letting n — oo, the first integral vanishes by Lemma 5.15 (b) while the second is
seen to be bounded independently of n and s € D. Letting now ¢ — 0 shows that
this bound tends to 0. It is also not difficult to see that the sequence ((Ky, —K¢)¢y,)
is bounded, so the assertion follows by Theorem 5.7 (c). m

Theorem 5.17 The sets K;, 7 = 1,2, are collectively sequentially compact with
respect to the o-topology. Furthermore, for every sequence (Ky,) C IC;, there exists
a subsequence (Kj, ) and K; € K; such that K;, —— K.
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Proof: Let B C [BC(R)]* be bounded and (v) C Uy, e, Kf(B), j = 1,2. We
choose (Ky,) C K; and (¢,,) C B with ¢, = Ky, ¢,,. By Lemma 5.15 (a), there exists
a subsequence (f,,.) and f € By such that f,, —— f, f. — f’. The sequence
(¢n,,) is bounded, so by Corollary 5.14 we can choose a subsequence, denoted for
notational simplicity by (¢), such that, with K; € K;, K;¢, — 1 € [BC(R)]%
But Ky, ¢, = Kyér + (Ky, — Ky)dr, and the second term in this sum converges to 0
in the o-topology by Lemma 5.16. Thus Ky, ¢y 2 4. The second assertion of the
theorem is proved by very similar arguments and also the fact that Ky is continuous
w.r.t. the o-topology. [

As the next step in the argument, we now introduce the set of translation operators
E
T :={T,: [BC(R)]*> = [BC(R)]*,¢ +— ¢(- —a), a € R.}

Obviously, 7 forms a sufficient subgroup of the group of isometries on [BC(R)]?.
Furthermore, as for f € By . there also holds f(- —a) € By .y, it is not difficult
to see that for K, € K;, T, € T, there holds T_,KT, € K;.

Let now Ky € K;, j = 1,2, and denote by x a C°(R) function with |x| <1 on R,
x(t) =0 for t <0 and x(t) =1 for t > 1, we define

t 1), t<0,
ol :={ x(t+n+1) hEN

X(H—Fl—t), tZO»

Now, also setting f := (sup f + inf f)/2, we construct the sequence (f,) C Bicm
by

Then f, — f, f, — f’ follows, and using Lemma 5.16, for K; € K; also that
K; — K.

We now split up the integral operators Ky, by
where

n+1
Ly o(s) = / (K;, (5 8) — Kj(s.1)) 6(0) dt.

—n—1

Lemma 5.18 The operators Ly, , n € N, are compact.
Proof: We have that

n+1 n+1
max / Ky, jk(s,t) — Kﬁjk(s,t)ﬂ dt < / Kp, (s —1t) + /{f(s —t)dt,
1

3k=12 J g —n—1
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where ky, and k7 denote the functions in Lemma 5.1, respectively. Thus, each
component of the matrix kernel of Ly, satisfies condition C of [12]. Also observing
that conditions (5.7) and (5.8) hold for Ly, , we can apply [12, Lemma 2.1] to obtain
the assertion (see also [2,3] for details on this argument). ]

Summing up the results so far, now yields a first solvability theorem for the integral

equations in question:

Theorem 5.19 Assume I — Ky to be injective for all Ky € K;, j = 1,2. Then the
operators I — Ky are all bijective and there holds

sup [I(1 = Kp)~!) < oc.
Krek;

Proof: The first part of the assertion follows from Theorem 5.12, also using Corol-
lary 5.14, Theorem 5.17 and the subsequent remarks on translation operators.

For a given K; € K;, we now construct sequences (f,) and (K, ) as indicated
above. The operator K is now a convolution operator with a kernel in [L'(R)]**?.
Thus, we can apply Theorem A.2 in [18] to see that I — K7 is bijective and thus
a Fredholm operator of index 0 on [BC(R)]®. However, Ly, is compact by Lemma
5.18, so I — K7y, is also Fredholm with index 0, and thus has to be bijective as well.
We can now apply Theorem 5.13 to obtain finally that I — K is surjective. |

Recalling Theorem 5.3, we immediately obtain the following result for operators in
’CQZ
Corollary 5.20 For the set Ky, there holds

sup |(I — ;)| < oo.
Kyreka

Furthermore, for every Ky € Ko, I — Ky is surjective.

5.4 Weighted Spaces

The previous section has yielded solvability results for the operator family s in
[BC(R)]%. To obtain similar results for Ky, it is necessary to study solvability for
operators in Iy in different spaces.

Let us introduce the weight functions w,, defined by

wp(s) = (L +1s))’,  peR
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We can define subsets of Y = [BC(R)]? by
Yy={o €Y : [wy¢d|o <00}, p>0.

The space Y, becomes a Banach space with the norm || - ||, defined by |||, :=
||lwp ¢||o. The operator W, of premultiplication by w, is an isometric isomorphism
from Y, to Y. Its inverse W_,, is an isometric isomorphism from Y to Y.

In the following arguments, for any normed space E, let B(FE) denote the space
of bounded linear operators in F. Assume now that K € B(Y) is such that also
K € B(Y,) for p € [0, ¢] for some ¢ > 0. We will also assume that K is sequentially
compact w.r.t. the o-topology. Define

K® .=W,KW_,  p>0.

Theorem 5.21 Suppose that K — K®) is sequentially compact w.r.t. the o-topology
and also o-norm-continuous for all p € [0, q|. Further suppose that I — K € ®(Y,)
for some p € [0,q]. Then I — K € ®(Y,y) for all p’ € [0,q] and the index of I — K
1s the same in all these spaces.

Proof: From the definition of K® and Atkinson’s Theorem it follows that
I-KcdY,) —I1-K»cd),

and that, if one of these statements is true, the indices of both operators are the
same. Now suppose [ — K € ®(Y)) for some p € [0,q]. We have | — K = I —
K® — (K — K®) so it follows from Lemma 5.10 and the equivalence above that
I—Ke®Y)andind (I — K)=ind (I — K®) in ®(Y). Reversing this argument
yields I — K®) € ®(Y) for all p’ € [0, ¢] and thus the assertion. ]

In the following lemma we will study how Theorem 5.21 can be applied to an

operator K € Ks.

Lemma 5.22 Assume Ky € Ky and p € [0,3/2). Then,

(a) Ky € B(Y)),

(b) Ky — K}p) 18 sequentially compact w.r.t. the o-topology and also o-norm-
continuous,

(¢c) I — K¢ e ®(Y,) andind (I — Ky) = 0. Thus I — Ky is bijective as an operator
onY,.
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Proof: From Lemma 5.1 (a) and [40, Theorem 3.5] it follows that Kgcp]) satisfies the

properties (5.7) and (5.8) which in turn yields Kj(cp) € B(Y). This last statement is
obviously equivalent to K; € B(Y,).

As now both K and Kgcp) satisfy properties (5.7) and (5.8), it follows that K — Kj(cp)
is sequentially compact w.r.t. the o-topology. Theorem 3.6 in [40] also yields that
Ky — Kj(fp) is compact in Y, so an application of Theorem 1.2.4 and Lemma 1.2.3

in [32] yields that K; — K](cp ) is g-norm-continuous.

We are now in a position to apply Theorem 5.21. From Theorems 5.3 and 5.20 we
know that I — Ky € ®(Y') with ind (/ — Ky) = 0. Thus it follows that I — Ky € ®(Y))
with the same index. As it is an injective operator by Theorem 5.3, it follows that
I — Ky is in fact bijective on Y. n

Using the previous Lemma and the solvability theory developed in the previous
section now immediately yields the following corollary:

Corollary 5.23 For any K; € Ky, the operator I — K is bijective on [BC(R)]?
and there holds

sup [|(1 — Kp)7'| < oo
Kreky

Proof: Given K; € K, we know that K} € Ky and thus I — K} is bijective on
[BC(R)]?. Thus, by Lemma 5.22 it is also bijective on Y}, for any 1 < p < 3/2. On
the other hand, Y}, is dense in [L'(R)]?, so using a standard duality argument, it
follows that I — K is injective on [L>°(R)]? and hence also on Y.

An application of Theorem 5.19 now yields that I — K is bijective on Y for all
K; € Ky and that the inverse operators are uniformly bounded. [

In terms of the original formulation of the scattering problem as a boundary value
problem, Problem 4.15, we can now answer the question of existence of solution in
the affirmative:

Theorem 5.24 For any Dirichlet data g € [BC(S) N Hllo/f(S)P, there ezists a
uniquely determined solution u € [C*(Q)NC(Q) N HE (Q)]? to Problem 4.15. More-
over, the solution u depends continuously on ||g||ee.s, uniformly in [C(Q\ Ug))? for
any H > sup f.

5.5 Solvability in [L?(R)]?

The solvability results derived so far can be extended in a very interesting fashion;

it is in fact possible to prove solvability of equation (5.6) in all [LP(R)]? spaces,
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p € [1,00]. Let us start with the simplest case, [L>(R)]?.

Lemma 5.25 Assume K to be a bounded linear operator in [L*°(R)]* such that

I — K is bijective as an operator on [BC(R)]?* and its inverse is bounded. Further
assume that K([L>(R)]?) C [BC(R)]®. Then I — K is bijective on [L®(R)]* and its
wmverse is bounded, with

1T — K) pem@pope@p < 1+ 1+ K)Hipeep-peep 1K lize@)pz—pom):-
Proof: It was already pointed out in the proof of Theorem 5.3 that injectivity of
I — K on [BC(R)]? implies injectivity on [L>®(R)]%.

Now assume ¢» € [L®(R)]2. Then K¢ € [BC(R)]?, so that there exists y € [BC(R)]?
with (I + K)x = —K1t. Set ¢ = ¢ + x. Then (I + K)¢ = 9 follows. Moreover,
there holds

[0/l iz @2 < 1Yl izoe@yz (1 + 11 + K) "l se@p—somyz | Kl @p—pem)?)-

Corollary 5.26 For Ky € K;, 7 = 1,2, I — Ky is bijective as an operator on
[L>(R)]?, its inverse is bounded and

sup (7 = Kp) | < oo.
Krek;

Proof: The assertion follows immediately from the previous lemma, also observing
the estimate for its inverse. [

We will now consider K; € K; as an operator on [L'(R)]>. Making use of the
norm-isomorphism 7 : [L'(R)]*> — [L'(S)]? defined by

I1p(x) = ¢(z1)  x €5,

we obtain the operator K := I; K Ig’1 on [L'(9)]?. In the same way we obtain from
K € Ky as an operator on [L®(R)]* the operator K’ on [L>(S)]*. Note that

Al < U+ 11 2 and [l <1

so that these operators are uniformly bounded for all f € B; . ps. Note also that the
dual operator K* of K is given by

K™ =K, e [L=(9)>
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As I — K} is bijective on [L(R)]?, the same holds for I — K* on [L*(S)]*. Thus
we can apply [43, Theorem 4.12] to obtain that I — K is injective on [L'(S)]* and
its range is dense. Moreover, [43, Theorem 4.14] states that the range of I — K is
closed in [L'(S)]2. For ¢, ¢ € [L*(S)]? satisfying (I — K) ¢ = 1, we also obtain,
using the Cauchy-Schwarz inequality, that

ol = sup | <¢,¢" > < W[l (I - K.

o=l <1

Applying these results to the operator Ky € K; and also observing that the same
argument can be applied to Ky € Ky, we immediately have the following theorem:

Theorem 5.27 Assume Ky € Kj, j =1,2. Then I — K is bijective as an operator
on [L*(R)]?, its inverse is bounded and

sup (7 — 7)™ < oc.
FEK;

For the final step in our argument, we will now make use of an interpolation theorem
due to M. RiESz and THORIN which is also called Riesz Convexity Theorem. It
can be found, in more general form than stated here, in [45, Chapter V, Theorem
1.3] and also in [7].

Theorem 5.28 (Riesz-Thorin) Let L denote a linear operator that is bounded as
a mapping from [LY(R)]? to [L'(R)]* with norm Ny and as a mapping from [L>=(R)]?
to [L®°(R)]* with norm Nu. Then L is also a bounded mapping from [LP(R)]? to
[LP(R)]?, p € (1,00), with norm N, where

1

1
N, < N? Nao ”.

Applying Theorem 5.28 to the operator I — Ky with Ky € K;, j = 1,2, we obtain
the following general solvability result for the integral equation (5.6):

Theorem 5.29 Assume Ky € Kj, j =1,2. Then I — K is bijective as an operator
on [LP(R)]?, p € [1,00) U {0}, its inverse is bounded and

sup [|(7 — K;)™'|| < o
FEK;

Thus the integral equation (5.6) and its adjoint equation are uniquely solvable in
[LP(R)]? for any righthand side g € [LP(R)]* and the solution depends continuously
on the righthand side.
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Chapter 6

Concluding Remarks

The results presented in this thesis form a detailed investigation into the questions
of uniqueness and existence of solution for the elastic wave scattering problem for
a rough surface on which the displacement vanishes. It has been shown that for a
general class of incident fields, including the special cases of cylindrical and plane
waves, a unique solution exists. To obtain the uniqueness result, a novel radiation
condition has been proposed characterising upward propagating wave fields, and it
has been shown that this condition generalises Kupradze’s radiating condition as
well as the Rayleigh expansion radiation condition commonly used in diffraction
grating problems.

To prove existence of solution, the regularity of elastic single- and double-layer
potentials defined on bounded obstacles and on rough surfaces has been studied in
detail. The estimates obtained differ from conventional results in that they hold
uniformly for all surfaces sharing certain geometric properties. The rough surface
potentials have then been used in a combined single- and double-layer potential
ansatz for the scattering field. A novel solvability theory has been employed to prove
solvability of the resulting boundary integral equation in the space of bounded and
continuous functions as well as in the all LP-spaces, 1 < p < oo.

The results presented appear complete in the sense that they give an affirmative
answer to the question of unique solvability for the elastic wave scattering problem
for a rigid rough surface. However, a number of remarks are in order on, as of yet,
not fully satisfactory results as well as on important consequences.

A slighly limiting aspect of the presented results is the restriction to surfaces of class
CY1 as opposed to those of class CY in Chapter 5. In fact, the solvability theory
itself does not rely on this assumption; it is only due to the nature of the regularity
results of Chapter 3 and the corresponding mapping properties of the integral oper-
ators. An extension of these results to boundaries of class C1*, o € (0, 1], appears
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possible but the amount of technical detail involved seems disproportionate to that
of new insights being gained. With regard to even more general surfaces, it seems
possible to extend the uniqueness results to scattering surfaces that are piecewise
Lyapunov; for the acoustic wave case this result has been proven in [20] and it is
anticipated that similar arguments apply for the elastic wave case. However, the
question of solvability of boundary integral equations for such surfaces remains open.

A further issue of interest is the extension of the results presented in Chapters 4 and
5 to scattering problems involving obstacles with different physical properties. From
the point of view of applications, a free surface or a Robin boundary condition would
be more realistic than the rigid surface considered here. As regards the question of
uniqueness of solution, very similar methods to those used in Chapter 4 could be
applied in the case of a Robin boundary condition; it is even anticipated that the
arguments simplify to some extend in this case. On the other hand, uniqueness of
solution does not hold in the free surface case if the same general class of incident
fields is permitted as in the present investigation. This is due to the fact that
Problem 4.15 with the Dirichlet boundary condition replaced by Pu = g admits
Rayleigh surface wave solutions in the case g = 0.

To prove existence of solution to either problem by the boundary integral equation
approach, requires, for any physically realistic problem, the use of the stress tensor
oji instead of the generalised stress tensor 7j, and thus prohibits the use of the
pseudo stress operator. As a consequence, it is necessary to deal with integral
operators of Cauchy singular type. It is an open question of some interest, if and
how the solvability theory developed in Chapter 5 can be extended to this case.

On the other hand, the presented approach to prove solvability of the boundary
integral operators in all LP-spaces can be applied directly to a wide class of integral
operators arising in acoustic and electro-magnetic scattering theory. A first such
application is presented in [6] for the case of acoustic waves.

An issue that has not been the subject of this investigation is the numerical computa-
tion of the solution to a rough surface scattering problem. With the use of the bound-
ary integral equation method this reduces to the numerical solution of a boundary
integral equation, or systems of such equations, on the real line. The principal
method that has been proposed for this purpose is the finite section method which
amounts to limiting the range of integration to a finite interval [—A, A], and then
proving convergence of the corresponding finite section solution as A — oo [39,42].
The integral equation with the truncated range of integration can be solved in prin-
cipal by any collocation, quadrature or Galerkin method of choice, but the resulting
dense linear system needs to be large for accuracy and thus sophisticated matrix
compression schemes need to be employed for the solution. Examples of such meth-
ods are described in [6,13]



Appendix A

Regularity Results up to the
Boundary for Second Order
Elliptic Systems

In this appendix, regularity results obtained for scalar elliptic equations of the second
order in GILBARG/TRUDINGER [28] are generalised for systems of such equations.
It is the objective to show that the weak solution of any elliptic equation with
sufficiently regular coefficients in a bounded C*-domain is C*“ up to the boundary
provided its boundary values are in that space.

After some definitions and preliminary inequalities in Section 1, C''“-estimates,
both interior and up to the boundary, are proved for weak solutions to elliptic
systems under suitable assumptions on the smoothness of the coefficient functions,
the domain and the boundary values in Section 2. These estimates are used in the
third section to prove existence of weak C'®-solutions and, subsequently, regularity
of ordinary weak solutions up to the boundary.

A.1 Definitions and Interpolation Inequalities

The systems of partial differential equations under consideration are of the form
Ly = gp + div fy, k=1,....m (A1)

in some bounded domain D C R"™. Here and in much of the following, we make
use of the usual summation convention, i.e. a sum will be taken over all repeated
indices.
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The linear differential operators L! are assumed to be of the form
Lhv := i (x) Dijv + by (x) Dyv + ¢k (x)v, k,l=1,...,m,

where we will assume throughout that the coefficient functions satisfy agj € Cv(D),
bl € C*(D), ¢l € C(D) and that there exist constants A\, A > 0 with

@ ()66 = N¢l?
forallx e D, £ €eR" k,l=1,...,m and
ey 10 10§ llo.005 1€ llocip < A

for all k,l =1,...,m, i,j = 1,...n. Unless specifically stated otherwise for some
individual results, we will also assume g € [C(D)]™ and fi € [C*(D)|", (k =
1,...,m).

Definition A.1 A vector fieldu € [H'(D)]™ is called a weak solution to the system
(A.1), if, for any test function v € [H}(D)]™, the equation

/D (aZj Dy Djvy, + (Djaf,fj — V) Dywg v — by vk> dx
= —/ (g vk + fri D'oy) dx
D
holds.

For x,y € D, set dyx := dist (x,0D) and dxy := min{dy,dy}. For ¢ € Ny and
u € C*(D) we define

W%, = supdito|DPu(x)],
xeD
|1B|=k
k
iy =Y [l
j=0

and for u € V»(D),
| Du(x) — Du(y)|

(o) k+ato
Ul bp = sup dy ,
[ ]k’ D x,y€D Y ‘X - Y|a
18]=k
[l = ) + [l

Assuming T to be a (possibly empty) portion of D, we set dy := dist (x,0D \ T)
and dyy := min{dy, dy}. Using these notations, we define the semi-norms [u]gl))UT,
[u],(f; PUT |U|1(51)DUT and |u|§fc)y pur as above, only replacing dx by d, and dxy by Jx,y
respectively. All these definitions are easily extended to vector fields by taking the

sum of their components. We then have the following simple extensions of some
results in [28]:
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Lemma A.2 (p. 61 in [28])  Assume D C R? to be bounded with d := diam(D)
and u € [V&(D)|™. Then,

(a) [u]) ) < max{1,d"**} sup |ullpup.
D'ccD

(b) for any D' CC D and s := dist (D', 0D), there holds

min{1, s*} [[uflpan < [l .

Lemma A.3 (Lemma 6.32 of [28]) Suppose j + 3 < k + «, where j,k = 0,1
and 0 < o, 8 < 1. Let u € [V*(D)|™. Then for any ¢ > 0 and some constant
C =C(ek,j,n,m) we have

0 0
W), < Clluflap +efu,,
0 0
[y < Cllullop + e[l

A.2 Estimates for Weak Solutions

From results for scalar elliptic equations, it is straight-forward to obtain the following
result for a special, very simple case of the system (A.1). Assume that there exist
constants AY (1,7 =1,...,n, k=1,...,m) with

ay? =6y AV and that b =0, ¢} = 0. (A.2)

Then we have the following lemma, which is proved similarly as Lemma 6.1 of [28],
but is based on estimates (4.45) and (4.46) in that same reference:

Lemma A.4 Assume (A.2) holds and u is a bounded, weak solution to (A.1) in D
with u € [V4*(D)]™. Then

0 2 1
) < Clllunlloosp + larln + IflSnp)s  k=1,...,m,

where C' is a constant only depending on n, m, o, X\ and A. If we further assume
D CcRY, T C {z, =0} to be a boundary portion of D, u € [C**(DUT)|™ and
u=0onT, then

0 2 1
el por < Clllulloon + 196l hor + BlSnpor),  k=1,...,m,

where C' is a constant only depending on n, m, a, A and A.
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We will now derive inequalities for weak solutions to (A.1) under general assump-
tions. The first aim will be to derive interior estimates, given in the following
lemma:

Lemma A.5 Letu be a bounded, weak solution to (A.1) in D with u € [VY*(D)|™
Then

k
0 2 1
|, <C (nunoo;D +lglop + > |fk|é7;;D)
j=1

where C' depends only onn, m, a, A and A.

Proof: The method of proof follows very closely the argument in the proof of
Theorem 6.2 in [28]. Analogously to the first argument given there, it suffices to

prove the asserted estimate for [u] 503( p and we may assume [u] 5"; p to be finite.

Choose x( and yo € D arbitrarily but assume without loss of generality that dy, <
dy,, so that dy, = dy,y,. Further let p < % be a positive constant (which will be
specified later) and set d := udy,, B := By(Xo).

For convenience of notation we introduce

bZ(X)DZ—ul — (Djagi(x)> Djuy, 1=0,

Mk(f)u =
S aZj(X)Djul, 1=1,...,n,
1£k
and now rewrite (A.1) as
aZij(XO)D,-juk = Gk + div Fk (AS)

where

G, = -— ]50)11 — C%(X)ul + 9,

Fy, = {(aﬁij(xo) - al,zij(x)> Djuk} - M,Ei)u + fri-

We can now apply Lemma A.4 to equation (A.3). Let yo € Bg/2(x0). Then,

<§>1+a | Dlug(x0) = Dlu(yo)| _ _C
X0 — yo|® —optte

2 1
. (HukHoo;B +Grlrn + |Fk’((),c)u;B) )

where D'y, denotes any first derivative of uy, and thus

| Dy, (x0) — D ug(yo)] < ¢
X0 — ¥yol® T optte

« 2 1
& (o + |Gl + Ficlins)



A. Regularity Results 81

If, on the other hand, we have |x¢ — yo| > d/2, then it is easy to see that

Dl _ Dl 2 “
g+ |Dlun(x0) = Dlus(yo)l - (‘) (do D" 1(X0) | + iy | D" ()1
’XO - YO|a p
4 0

Combining these two estimates yields
Jite | D' ug(x0) — D ug(yo)]
X0 — Yo|®

2 4 0
(sl + GG + Pl ) + - clunlih (A0

- Iul—i—a

Now, for x € B there holds dx > (1 — ) dx, > 3dx,. Thus, for any h € C*(D), we
have analogously to equation (6.18) in [28§]

B85 < dlBlloss + A [has

1+«
H (1)
< ——lhl, ——— "]y
- 1_ ,U| ’0,D (1 . u)Ha[ ]O,a,D
< 2ulhlip + 40" G (A.5)
< 4ulhlye.p- (A.6)

These two inequalities will now be used to further estimate (A.4). Firstly, we have
1) .
1 i1 1
| Fi ((),(l;B < Z ‘ - ak ( ) Djup, 5 + |Mku|((),gz;B + ’fk,i’é,()l;B'

7a;

Using (A.6) yields
|fkl|0aB < 4:“|sz (]aD

and
Miwlias < D2 la Daulos
=1 j=1
< Adp max |aY" D; ul‘OaD
S 4MA|u|1,oz;D
o 0

< 4 (COlallop + 2l )

where the last inequality is obtamed by applying Lemma A.3 with ¢ = p**. Using

(A.5) and |a}" (xo) — af” (- )]0a 5 < 4Au®* and again Lemma A.3, we also obtaln the
estimate

. (1)
§j\kf ) =)D < 168" () unlloep + 207 ) -
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Combining these last three inequalites yields the bound

Fulin < O [l + C ) (1ullocn + I6iliap ) (A7)
In a similar fashion, we conclude

Gulizh < Cut 22 ) + C ) (alloen + l9elionn ) - (A.8)

Applying Lemma A.3 one final time, we estimate

4 0 @ 0
% <4 (CO o+ 7] )

Combining this result with (A.4), (A.7) and (A.8) now yields
) hp < O + ) (allocin + 96l + 1Beliin ) -

Summing up this last estimate over £ = 1, ..., m and choosing p so that Cmu® < %,
we now finally obtain

k
0 2 1
W, <c (nuuw g+ |fk|g,;;D) |
j=1

In the presence of a flat boundary portion, this result is easily extended to yield an
estimate up to the boundary:

Lemma A.6 Let D C R}, T C {z, = 0} a boundary portion of D, u a bounded,
weak solution to equation (A.1) with u € [VY*(DUT)|™ and u = 0 on T. Then
there holds

k
0 2 1
|u|§,<)1;DUT <C (“u”oo;D + |g|(();)DUT + Z |fic ((),gc;DUT> :
j=1
where C' depends only onn, m, a, A and A.

Proof: The proof is essentially identical to that of Lemma A.5; it is only necessary
to replace dx by dx. ]

We will now generalise Lemma A.6 to obtain estimates up to the boundary for
weak solutions to elliptic systems in domains with sufficiently smooth boundaries.
For technical simplicity, we will limit ourselves to domains in R?, but note that all
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arguments carry through for domains in R"”, n > 2. Recalling the definition of the
set of C* domains, D, x, 5.1, from Section 1.3, we now consider, for xg, §, M > 0,
domains D € D, .50

We can obtain uniform estimates up to the boundary for weak solutions to elliptic
systems in such domains with vanishing boundary values:

Lemma A.7 Let D € Dy ,y5m and u € C*(D) a weak solution to (A.1) in D
with uw = 0 on OD. Then there exists ¢ > 0 so that for each xq € 0D, setting
B := B.(xq), there holds

m
lully.a;800 < C <Hu||oo;D + lgllosin + ) ka||o,a;D) :

k=1

where the constant C' depends only on m, a, A\, A, ko, 0 and M.

Proof: Using the estimates for C*?-diffeomorphisms on page 96 of [28] and applying
the same arguments as in the proof of Lemma 6.5 in [28], Lemma A.6 implies that
for each xo € 0D there exists a ball B,(x() so that

k
0 2 1
{2 srur < C K (xo) (HUIloo;D + lelpur + |fk|((),¢l;B’uT> :

J=1

where B’ := B,(xo) N D and T := B,(x) N 9D and K (%) is a constant depending
only on the C** diffeomorphism corresponding to xo. Thus, as D € D, x, 5.0, it
follows that K can in fact be chosen independently of xy and dependent only on «,
ko, 0 and M. Now set B” := B,/5(x9) N D. Then Lemma A.2 yields

. 0
IIllIl{]., (p/2)1+a} ||uH1,a;B” < |u’§,g¢;B’UT‘

Thus we have the result

[ull1 a5 < CK (HuHoo;D + lgllocin + ) ||fk||o,a;D) : (A.9)

k=1

As the set of balls {B,x)/1(x) : x € 0D} covers all of 9D, the compactness of
0D implies existence of a finite set {B,,/4(x;) : 4 = 1,..., N} that covers 9D. Set
€= ‘_I{linN{p,-/Zl} and X := {xy,...,xy}. Now, choosing x € 9D arbitrarily and

setting B := B.(x) we conclude B C B,/5(xo) for some xo € X'. Thus, by (A.9),

HuHLa;BﬂD S ||u||1,a;Bp/2(xo)ﬂD

< OK (HuHoo;D + lgllocin + ||kao,a;D> :

k=1
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As a consequence of the results obtained so far, it is now possible to formulate global
bounds up to the boundary for solutions to elliptic systems in C**-domains:

Theorem A.8 Assume D € Dy o sm and u € [CH(D)]™ to be a weak solution to
(A.1) satisfying u = ¢ on 0D for some ¢ € [CH*(D)|™. Then

Hu”La;D <C (HU-HOO;D + ||¢||1,a;D + HgHOO;D + Z kaHO,a;D) )

k=1

where the constant C' depends only on m, a, A\, A, ko, 0 ,M.

Proof: Following the argument of the proof of Theorem 6.6 in [28], it suffices to
prove the assertion for ¢ = 0. Assume x € D and let € denote the radius in Lemma
A.7. Further let D" CC D satisty dist (D’,0D) > ¢/2.

If x € B-(x0) N D for some x¢ € 0D, then Lemma A.7 implies

|Dhu(x)] < € <||u||oo;D +lgllocin + ) ||fk||o,a;D>

k=1

for any first derivative D'u of u.

On the other hand, if x € D’, Lemma A.5 implies

k=1

d<|D'u(x)| < CY (”u”w;D + lI8lloip + Z kaHO,a;D> :

As dy > ¢/2, combining these two estimates yields

|Dhu(x)| < Cy (HuHoo;D +lgllocin + ) !fk\o,a;D> (A.10)

k=1

for all x € D.

Now choose x, y € D arbitrarily. Three cases have to be considered:

1. x,y € B.(x9) N D for some xq € 0D,

2. x,y e D,



A. Regularity Results 85

3. xory € D\ D', but not in the same ball B.(xo) for any Xo.

In the first two cases we proceed as above employing Lemma A.7 and Lemma A.5

D)D) - 1y the third case,

respectively to obtain the required bounds on Pt

dist (x,y) > £/2 and therefore

Db - DAL < (2) 7 (10t - Daty))
< (5)  (P"ux)l+ D))
< Gy <||UI|oo;D + lgloon + ||fk||o,a;D>
k=1
by (A.10).
Combining these last estimates with (A.10) yields the assertion. [

A similar estimate can also be obtained for a domain that only has a boundary
portion of class C1®. We introduce the set Tovno.0.m of domains D such that there
exists a boundary portion 7" C 9D with the property that for every 7" CC T there
exists D' € Dg 0,1 such that D' C D and 7" C 9D’ NdD. For D € T, s, 6.1, the
set T in this definition is called a C'*® boundary portion of dD.

Corollary A.9 Let D € Ty o5m and T a CY-boundary portion of OD. Further
assume u € [VH*(DUT)|™ to be a weak solution to (A.1) and u = ¢ on T where
¢ € [CH(D)]™. Then, for every xo € T and 0 < p < dist (xo, 0D \ T'), there holds

[all1,08, (0000 < € (IIulloo;D + 1 llasp + liglloein + ||fk||o,a;D> :

k=1
where the constant C' depends only onn, m, a, A\, A, §, kg, M and p.

Proof: Set 7" := {x € T : |x — x¢| < p} and choose D" € D, x,s.m such that
D'Cc Dand T Cc 9D'NID. Now apply Theorem A.8 in D" and employ an interior
estimate on (B,(x9) N D)\ D', if necessary. m

A.3 Regularity of Weak Solutions

To later obtain the regularity results for weak solutions to elliptic systems, we first
need to prove the existence of a regular solution in the case where uniqueness is
already ensured:
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Theorem A.10 Let D C R? be a bounded domain of class CY® so that the boundary
value problem
ak? (x) Dy + WP (x)Dyjuy + h(x)uy =0  in D, k=1,...,m
u=20 on 0D
only has the trivial solution in [Hj(D)]™. Then, for g € [L>*(D)]™, fi € [C*(D)]™
(k=1,...,m) and ¢ € [CY*(D)|™, the boundary value problem
aZj(x)Dijul +b(x)Dyuy + ¢k (x)w; = g +divfe  in D, k=1,...,m,

(A.11)
u=¢ on 0D

has a uniquely determined weak solution u € [CV*(D)]™.

Proof: Let I' be the set of coefficient functions in (A.11). Approximate any v € T

uniformly in D by a sequence (7,) in C*°(D). Similarly, choose [C*(D)]™ sequences
(g,), (fi,) and (¢,) that uniformly converge to g in [L>°(D)]™, fi in [C%%(D)]™ and
¢ in [CY¥(D)]™, respectively. Finally, let (D,) be a sequence of C*-domains that
exhausts D from the inside and whose members are uniformly of class C1<,

From results in FICHERA [26] it follows that the approximations to the boundary
value problem (A.11) have unique solutions u, € [C*°(D,)]™. An application of
Theorem A.8 yields the estimate

I ll1,0:0, < C (Iluulloo;nu + 6l i, + g llosn, + ) IIfkullo,a;Du) - (A12)

k=1

From the maximum principle we also can estimate

”ul/HOO;DV < ||¢V||OO;DV +C <||gu||0<>;Du + Z kar/HOO;Du) .

k=1

Combining this with (A.12) yields an estimate of the form

m
||uV||17a§Du < C <||¢V”1,a;Du + ||gl/||<>0;Du + Z ”fkuHU,a;Du)

k=1
< C (Hd)Hl,a;D + lgllosin + ) kaHo,a;D> :
k=1

Therefore, (u,) converges to a vector field u € [C1%(D)]™ which is also a weak
solution to the boundary value problem (A.11). By assumption this solution is
uniquely defined. n

The regularity result for a weak solution to an elliptic system of form (A.11) is now
a simple consequence of Theorem A.10.
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Corollary A.11 Let D C R? be a bounded domain of class C**, g € [L>(D)]™,
f € [C(D)™ (k=1,...,m), ¢ € [C**(D)]™ and u € [H (D)™ a bounded weak
solution to the boundary value problem (A.11). Then there holds u € [CY*(D)]™

Proof: We will rewrite equation (A.1) as Lu = 0. Choose o € R so large that the
boundary value problem
(L—0o)u=0 inD,
u=>0 on 0D
only has the trivial solution in [H'(D)]™. Then, by Theorem A.10, the boundary
value problem
(L—o)v=g+divfy —ou in D,
v=0¢ on 0D

has a unique solution v € [CY*(D)]™. But u is also a solution to this system by
assumption, so u = v must hold. [

More technical arguments have to be employed to prove a similar result for boundary
portions of class O

Theorem A.12 Let T be a CH*-boundary portion of a domain D € Ty .50, & €
[L>(D)|™, fi € [C*(D)™ (k = 1,...,m), ¢ € [CY*(D)]™ and u € [H*(D)]™ a
weak solution to the system (A.1) satisfiyingu = ¢ onT. Thenu € [V+*(DUT)™
and for D' CC DUT with D' € Dy 5.0, there holds

[ulli 00 <C <||u||OO;D + [0 + lI&llocin + Z ||fk||07oz;D) )

k=1

where the constant C' depends only on m, a, X\, A, ko, 0, M and dist (D', 0D\ T).

Proof: The proof broadly follows that of Lemma 6.18 in [28]. Without loss of gen-
erality assume ¢ = 0. Choose xq € T arbitrarily. Then there exist a neighbourhood
T" cC T of xg and a domain D* so that 7" C 9D, D* C D of class C** and so
small, that Theorem A.10 can be applied.

The values of u on 9D* can now be extended to a vector field v € [C(D')NCH*(B)]™
where D’ is chosen such that D* CC D" and B := B,(xq) CC D’ for some p > 0
(see Lemma 6.38 and the subsequent remark in [28]). Let (v,) be a sequence in
[C1(D*)]™ that converges to v in C(D*) and also satisfies ||v,||1.0:5 < C||V||1.0:5-
Theorem A.10 garanties that the systems

Liu = g, + div fi inD,
u=v, on 0D
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have unique solution u, € [C1*(D*)]™. An application of Lemma A.6 now yields
convergence of the sequence (u,) in [CY*(B,/2(x0) N D)]™. Sou € [V**(DUT)™
follows.

Now assume D' CC DUT, D' € Dy pps.m- As T" := 0D' NT is bounded, setting
p = dist (D',0D \ T'), there exists a finite set of open balls {B; := B,,s(x;) : x; €
T" i =1,...,N} that covers T” and, by applying Corollary A.9, in each ball we
have the estimate

lull1a:8, < C (||u||oo;D + lgllocip + Y ||fk||o,a;D) ) (A.13)

k=1

with the asserted dependance of the constant C' on the parameters. Also, there
exists some ¢ > 0 such that, setting D" := {x € D’ : dist (x,7") > ¢}, the union of
D" and the B; covers all of D'. Then Lemma A.5 yields the estimate (A.13) in D"
and combining the two completes the proof. [
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